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Chapter 1 

Introduction 



We will first review some basic definitions of symmetric bilinear forms, and 
define Witt groups of fields, rings, and schemes. In Section 1.3, we introduce 
the notion of the Gersten-Witt complex of a scheme. We will see that for certain 
class of schemes with nice geometric properties, the Gersten-Witt complex is the 
global section of a Basque resolution of a Witt sheaf on the scheme. We will see 
how its cohomologies can be computed easily if the scheme is a complex toric 
variety. 

1.1 Symmetric bilinear forms over a field 

Let fc be a field with charfc 7^ 2. A symmetric bilinear form over k is a map of 
the form 

(j):V xV ^k, 

where T^ is a finite-dimensional fc-vector space, such that 

(j){v,w) = (j){w,v), 
(j){v + v',w) = (j){v , w) + (l){v' , w) , 
(j)(av,w) = a(f>(v,w), 

for every a e k and v,v',w e V. We will denote the form by {V,(j)). It is 
nonsingular if the induced map 

ad (/) : F ^ Hom(y, k) 

is bijective, and anisotropic if (j)(v^v) = implies w = 0. 

Two bilinear forms (V, </>) and {W, ip) are isometric if there is an isomorphism 
of vector spaces f -.V ^ W such that the diagram 

V X V — — s-fc 

fxf 
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commutes. 

If VF c T^ is a subspace, we define its orthogonal complement 

W-^ ■= {veV \ (j){v, w) Vw 6 T4^} . 

If VF cz PF-*-, then W is totally isotropic^ and if T4^ = W-^ ^ then W is orthogonal. 
There is a dimension equation [9, 1.3], 

dim VF + dim VK^ = dim K (l.I) 

A nonsingular form {V, (f)) is hyperbolic if V has an orthogonal subspace, or 
equivalently, a totally isotropic subspace of half the dimension (by (1.1)). 

Every symmetric bilinear form over k can be represented by a symmetric 
matrix M, and it is nonsingular if and only if det M t^ 0. The forms represented 
by matrices M and M' are isometric if and only if there is a nonsingular matrix 
Q such that M' = QMQ^. Every symmetric bilinear form over k can be 
diagonalized by such a transformation. 

The hyperbolic form of dimension 2 is called the hyperbolic plane. It is 
represented by a matrix 

■ 1 
1 

which diagonalizes to (recall our assumption that 2 6 A is a unit) 

1 \ / 1 1/2 \ / 1 \ / 1 1 

-1 J \ 1 -1/2 J \ I J \ 1/2 -1/2 

It can be shown that every hyperbolic space decomposes into a direct sum of 
hyperbolic planes [9, 3.4(1)]. 

1.2 Witt groups 

1.2.1 Witt group of a field 

Let k be as defined above, and let Q{k) be the set of isomctry classes of nonsin- 
gular symmetric bilinear forms over k. Q{k) is a semigroup, where the addition 
is defined by the orthogonal sum, 

[V, 0] + [W, i!\ = [V®W,(t>®ilj\. 

The Grothendieck group of Q{k) modulo the subgroup generated by hyperbolic 
forms is called the Witt group of k, denoted by W{k). By the diagonalizability, 
every element of W{k) can be represented by a finite sum of unary forms 

<ai> + <a2> H h (or), 

where oi , . . . , a^ e fc ^ . Quotienting by hyperbolic forms allows one to write 

(-a) = -(a)eW{k). 
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Furthermore, it is a consequence of Witt decomposition theorem [9, 4.1] that 
every element of W{k) can be represented by an anisotropic form. 

Note that the isometry relation implies {a^} = (1). 

Let us look at some examples. The signature map and the dimension map 
respectivly induce isomorphisms [9, p. 41-42] 

W(R) ^ Z, W{C) ^ Z/2. 

If p 6 Z is an odd prime, the Witt group of the finite field Fp is given by^ [9, 

p. 45] 

I'(Z/2Z)2 if p=l(mod4), 

IZ/4Z if p = 3(mod4). 



W(¥p) 



The Witt group of the rationals is given by [9, p. 175] 

iy(Q) 2^Z©Z/2©]jT4^(Z/pZ). (1.2) 

We will see that this is derived from the Gcrstcn-Witt complex of SpecZ (1.4). 

We will come back to this later, but for now it suffices to say that the 
Gersten-Witt complex is largely an attemp to generalize this isomorphism to 
schemes. 

For future reference, we state a theorem by Springer and Knebusch [10, 
p. 85]: 

Theorem 1.2.1. Let A be a discrete valuation ring with maximal ideal m and 
quotient field F, where char(A/m) ¥=2. If tt e A is a generator of m and i = 1 
or 2, there is a unique homomorphism 



such that 

if J # i (mod 2), 
if j = i (mod 2). 

Note that (7j depends on the choice of the generator tt, while of doesn't, of 
and 82 are called the first and second residue homomorphism, respectively. 

1.2.2 Witt group of a ring 

The Witt group can be similarly defined for a ring A in which 2 is a unit. The 
finite-dimensional fc-vector spaces are replaced by finitely generated projective 
A-modules, the rank of projective modules replacing the dimension of vector 
spaces. The definition of nonsingularity remains the same (i.e., bijectivity of 
the adjoint). Instead of quotienting the Grothendieck group associated with 




^W{k) admits a ring structure induced by tensor product, but we won't need this in this 
paper. 
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the semigroup of nonsingular symmetric bilinear forms by hyperbolic forms, 
we quotient by a larger class of forms called lagrangians^ : if M is a finitely 
generated projective A-module, a nonsingular symmetric bilinear form 

(t): M X M ^ A 

is called a lagrangian if there is a direct summand N (^ M such that 4'\nxN = 
and the induced pairing 

N X {M/N) -^ A 

is nonsingular (i.e., both adjoints are bijective"^). The submodule N is called a 
suhlagrangian. As in the case of hyperbolic spaces, (M, <j)) is a lagrangian if and 
only if M has an orthogonal direct summand, or equivalently, a totally isotropic 
direct summand with half the rank of M [8, Corollary 2, ii]. 

The hyperbolic form still plays a role, mainly due to its useful properties 
(e.g., (1.2.2) below). Let us first generalize hyperbolic forms in the context of 
finitely generated projective modules. If M is a finitely generated projective 
A-module and M* := Hom(M, A), the hyperbolic form associated with M is 
defined to be a symmetric bilinear form 

(f): {M®M)* X {M@M*) -^ A 

induced by the canonical pairing M x M* — > A, and requiring that 

4>\mxM = 0, 0|m*xM* = 0. 

The reflexivity of finitely generated projective modules ensures its nonsingular- 
ity. Note that if pM : Af -^ Af ** is the canonical map, (M, (f) can be represented 
by the "matrix" 

;„ "r ) ■ <") 

Pm is an isomorphism because M is finitely generated projective. Hence, if M 
is free, then (1.3) is isometric to a direct sum of the hyperbolic planes, 

1 

1 

Thus our definition of hyperbolic form agrees with the previous one over fields. 
Note that the submodule M cz M @ M* is a suhlagrangian, since the canonical 
pairing 

M X M* ^V 

is nonsingular by the reflexivity of finitely generated projective modules. Hence, 
every hyperbolic form is a lagrangian. 

We note a useful lemma that we will be needed later: 



■^Knebusch[8] uses the term "metabolic space" for our lagrangian, "split metabolic space" 
for our hyperbolic form, "lagrangian" for our sublagrangian, and "sublagrangian" for our 
totally isotropic space. 

■'in fact, the reflexivity of finitely generated projective modules implies that one adjoint is 
bijective if and only if the other is. 
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Lemma 1.2.2. If {M,4>) is a nonsingular symmetric bilinear form, then the 
form (M (B M,(j)®(—(f))) is isometric to the hyperbolic form associated with M. 

Proof. Let 

A := {(m, to) e M © M I m e M} , N := {(to/2, -to/2) e M © M | m e M} . 

Clearly A, A^ ^^ M, A n N = {0}, and the isomorphism 

M@M ^ A + N, {m,m')^ {m + to/2, to' - to72) 

establishes an isomctry between (M © M, © (-</))) ^ (A © iV, (/) © (-(/i)) and 
the hyperbolic form associated with M. D 

Let us look at some examples. The signature map induces an isomorphism 
W^Z) ^ Z [10, p. 23], and there is a split short exact sequence [9, p. 175] 

-^ W(I.) -^ W{Q) -^ (Z/2) © U W(I./pZ) -^ 0, (1.4) 

which gives rise to the isomorphism (1.2). The split exactness of (1.4) is a 
consequence of the Hasse-Minkowski principle applied to the global field Q. 
More generally, if we use a Gorcnstcin ring A of dimension n instead of Z, we 
can construct a complex of the form 

O^W{A)^ U W{k{p))^---^ U W{k{p))^0, (1.5) 

htp = htp=ri 

where k(p) is the residue class field at p e Spec A. However, (1.5) is not exact 
in general. As we shall see, (1.5) is the Gersten-Witt complex of Spcc^, and 
Pardon [14, 5.1] proved that it is exact if A is a regular local ring and is of 
essentially finite type over a field of characteristic different from 2. 

1.2.3 Witt group of a scheme 

Knebusch[8] defined the Witt group of a scheme {X,Ox), whose elements are 
represented by symmetric bilinear forms 

(f>:MxM^Ox, 

where A^ is a locally free sheaf of Ox-niodules. The definition of nonsingularity 
remains the same as in the affine case (i.e., both adjoints are bijective), but 
the sublagrangian is no longer required to be a split subniodule. In fact, sub- 
lagrangians always split for affine schemes [8, p. 134], so this definition agrees 
with the earlier one. The criteria for a sublagrangian is thus an orthogonal 
submodulc, or equivalently, a totally isotropic subniodule with half the rank 
[8, Corollary 2ii]. Moreover, the rank of a totally isotropic submodule cannot 
exceed half the rank [8, Corollary 2i]. 
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1.3 Gersten-Witt complex 



The Gersten- Witt complex of a scheme X of dimension n is a complex of the 
form 

where k{x) is the residue class field at x e X, and X'Jp'^ c X is the subset of 
codimension p points. A main challenge in constructing such a complex is to de- 
fine canonical boundary maps dP . The second residue homomorphism (Theorem 
1.2.1) depends on the choice of the uniformizer, so it cannot be used directly. 
Several authors constructed the complex using different methods, such as spec- 
tral sequences [1], the module of differentials [6, 16], and the canonical sheaf [14]. 
In the latter, using the analogues of Quillen's localization sequence of X-groups 
[18, 8.4], Pardon constructed the Gersten-Witt complex of a Gorenstein scheme, 
and showed that it is acyclic if the scheme is the spectrum of a regular local ring 
essentially of finite type over a field with characteristic different from 2. This 
implies the existence of a flasque resolution W* {X) of a Witt sheaf of a regular 
scheme X of finite type over k, whose cohomologies furnish us with a new set 
of invariants for the scheme X. 

Computing cohomologies of the Gersten-Witt complex is difficult in practice, 
because it involves Witt groups of residue class fields at all (possibly infinitely 
many) points of the scheme. On the other hand, if X is a complex n-dimensional 
toric variety, then X is filtered as 

X = X° 3 X^ => • • • => X" 3 X"+i = 0, 

where X'P—X'''^^ is a disjoint union of (n— p)-tori, SpecC[xi, l/xi, . . . , x„_p, l/x„_p]. 
Takeda [19] showed the Gersten-Witt complex of X-groups is quasi-isomorphic 
to a complex of iiT-groups of coherent sheaves of tori. We will show that the 
same result holds for Witt groups. The Witt group of the n-torus is known; for 
example [7, 15], 

W{C[xMx-\) = (Z/2)2, (1.6) 

W{C[x,yMxMy\) = {1/2^. (1.7) 

Hence, the quasi-isomorphic complex would consist of a finite number of Witt 
groups which are finite-dimensional vector spaces, and its cohomologies arc much 
easier to compute. Using this method, we will compute cohomologies of the 
Gersten-Witt complex of the toric variety Hirzebruch surface _ff„. Specifically, 
the Gersten-Witt complex of i/„ is given by 

0^ U W{k{x))^ W W{k{x))^ Y[ W{n{x))^Q, (1.8) 

a;Gfl-4"' xeffi^' xeffi^' 

and we will show that it is quasi-isomorphic to a complex of the form 

- W{Hr, - Hi;) S W{Hl - Hi) "h W{Hl) - 0, (1.9) 



1.3. GERSTEN-WITT COMPLEX 9 

where H^ is the closure of codimension p orbits of the torus action, 
Hn= H^ZD iJ„ 3 i7„ 3 iJ„ = 0, 

and iJP — H'^^^ is a finite union of (n — p)-tori. 

The rest of this paper is organized as fohows: 

In Chapter 2, we will review Pardon's construction of the Gersten-Witt 
complex of Gorenstein schemes. 

In Chapter 3, we will introduce the Hirzebruch surface if„, and construct a 
toric complex which is quasi- isomorphic to the Gersten-Witt complex of _ff„. 

In Chapter 4, we will prove the quasi-isomorphisni. 

In Chapter 5, we will compute the boundary maps of the toric complex. 

In Chapter 6, we will compute cohomologies of the toric complex, and find 
that 

//0(>V(i/„)) = if"(>V(i/„))=Z/2 VneZ, 

but 

H\yV'{H,^,^))^H\W{H,A^)) for i = 1,2. 
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Chapter 2 

Witt groups with 
coefficients 



To construct a canonical Gersten-Witt complex of a Gorenstein scheme X, 
Pardon[12] extended the notion of Witt group so that the bilinear forms take 
values in certain sheaves of Ox-modules. In this section, wc will review his 
construction. 

Let X be a scheme of dimension n, and C a coherent sheaf of Ox-modules 
with an injective resolution 

O^C^ £° ^£^ ^£^ ^ > £" ^ 0, 

where £^ = U^^xm hE{k{x)), E{k{x)) is the injective hull of the residue class 
field at x viewed as a constant sheaf on i, and i : x ^^ X is the inclusion. 
Such C is called a canonical sheaf iov X [3, Chapter 3]. It is unique up to tensor 
product with a locally free sheaf of rank 1. Not every scheme admits a canonical 
sheaf, but every regular scheme does, and Ox is a canonical sheaf in such case. 
Henceforth, unless otherwise stated, we will assume that X is a regular scheme. 
Set yP :=kerdP. 

Definition 2.0.1. CAi^^X) is the category of CM Ox-modules of codimension 

P- 

Q(CA4P{X);C) is the category of isometry classes of nonsingular symmetric 
bilinear forms 

(p:MxM^VP, 

where M e CM^{X). {M,(j)) e Q{CAi^{X)]C) is called a lagrangian if there 
is a submodule J\f (z M such that N,M/N e CM^{X), <f)\j\fxj\f = 0, and the 
induced pairing 

N X {M/N) -^ V^ 

is nonsingular. 

11 
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Q{CAi^{X);C) is a semigroup, where the addition defined by the orthogonal 
sum. The corresponding Grothendieck group modulo the subgroup generated 
by lagrangians is denoted by W{CM^{X);C). 

CA4"'{X) is the category of sheaves of Ox-modules of finite length, and 
CM'^{X) is the category of coherent sheaves of locally free Ojf-modules. Hence, 
WiCM^{X);Ox) is the Witt group W{X) defined by Knebusch [8]. Based on 
this observation, we will use the notation 

W{X;C) ■.= W{CM"{X)-C), 

and if Ox is used as the canonical module, we will suppress it: 

W^(CMP(X)) := W{CMP{X);Ox) 

Now we will construct the so-called lattice map, 

C?: W T4^(CMP(X,);C,)-^T4^(CMP+\X);C). 

Definition 2.0.2. Ij x e X, let i^ : x ^^ X be the inclusion map. Suppose that 
for each x e X^^', we are given [Mx,(p] e W{Xx;Cx)- Let 

(f> ■= Yi *a;*'/'x, TV := Y[ ^x*Mx, 

xgXM xeXM 

where the Ox,x-'module M^ is viewed as a constant sheaf on x. An Ox-submodule 
M <^ Af is called a lattice if M e CM^iX) and Mx = M^ \/x e X^p'> . The 
lattice is integral with respect to (j) if (j)(Ai x Al) c V^. If Ai is an integral 
lattice for (Af ,((>), its dual lattice is an Ox-module Ai' defined for each affine 
open subset U (z X by 

M'{U) = {neAf{U) \ (f>{U){n,M{U)) czVP{U)} . 

If Ai is an integral lattice for {Af, r) and Ai' is its dual lattice, there is a 
well-defined bilinear form 

M M 

given by (f>(fh 1,1712) = (iP((/>(TO']^, m'j)) for each affine open subset U c X. 
Pardon[14] proved that there is a well-defined map 

C^: U WiCMPiX,);Cx)-^WiCMP+\xy,C), [Af,^]^[M'/M,^]. 

xeX'p) 

Unfortunately, the integral lattice does not exist in general. To get around this 
problem. Pardon relaxed the condition 7M e CAi^{X) to a weaker condition 
Al e 5f (X), where Sf{X) is the category of coherent sheaves of Ojsf -modules 
A^ of codimcnsion p such that 

depthgi Alj. 5: minjz, dimc)^ ^ A^a,} 'ixeX. 
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He then proved the existence of an 5f -lattice. There is an inclusion CAi^{X) a 
Sf{X), which is an equality if dimX ^ p + i. Hence, if dimX = 2, then 
CA4^{X) = 5f (X), so CM lattice always exists in this case. 

Pardon's original proof [14, 3.12] contains an error, which prevents its ap- 
plication to non-affine schemes. Here we include a proof which works for any 
Gorenstein schemes, provided that p = : 

Proposition 2.0.3. Let X be a Gorenstein scheme, x e X^p\ and [N,^] 6 

W{CAi^{Xx)',Cx). If X is affine or p = 0, then there exists an integral lattice 
for [N, lb]. 

Proof. Let i : x ^^ X he the inclusion, and Ai c: i^N an Ox-subniodule 
such that Aix = N. Then Ai e 5f(X) by [14, 1.19], so the canonical map 
p : Ai ^ Ai** is injective. On the other hand, since A^^, is an O x ,x-i^odu\e of 
finite length, p^ : A^a: -^ AJ** is bijective. Thus, we have a map 

X** "-^ Mx = N. 

Since taking stalks at a; is a left adjoint to i^, we obtain an injective map 
M** --> i^N. By [14, 1.13], M** eCMP{X), so M** is a lattice for [iV, V]. 
Now consider the composition 



0:MxM' 


- HiV X z,iV ^ t^£P ^£P^ £P+i ^ iy^£P+ 




yeX'^v + i) 


where iy : y ^^ 


X is the inclusion, li X = Spec A, we can always 



"clear 

out denominators" by multiplying AJ by some nonzero clement a e ^, so that 
9{aM X aM) = 0, i.e., i^ilj^aM x aM) c V^. Then aM c i^N is an integral 
lattice. 

This is not always possible, however, if X is not affine: for example, if 
X = Pj,, the only regular functions on X are constant functions, so one can't 
clear out denominators by multiplying by a regular function. We will show that 
if p = 0, one can construct a subsheaf I? c A^ using a Weil divisor that cancels 
out the poles appearing in the image of i^tl), thus giving 6{T) x 2?) = 0. 

So assume that p = 0. Then we may assume that N = K(X), viewed as a 
constant sheaf on X, and that i(; is given by multiplication by some f e K{X). 
We may take Af = Ox as our (non-integral) lattice. Our aim is to find a 
submodule V '^ Ox such that V e CAi°{X) and e(V x V) = 0. Let 

(/):= Y, ny{f)yeDW{X), 
and 

yEXW yeXW 

where 

n+(f) •= hy^^^ '^ "^('^^ ^ °' n-(f) •= ^ '^ "^(-^^ "^ °' 

' (0 ifn,(/)<0, '^^'- \ny{f) ifn,(/)^0. 
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Define an Ojsf -module V for each affine open subset U cz X hy 

V{U) := [g e K{X) \ ny{g) + n-(/) > Vy e [/ n X^^)} . 

Since 

Ox{U) = [geK{X) | %(.g) > Vyet/nX^i)}, 

I? is a subshcaf of Ox- Moreover, if y e X*^^) and iTy cz Ox,y is the maximal 
ideal, then 

^ ^{Ox,y ify^Supp(/)-, 

' [ttIT^^^^'^^x,, if2/6Supp(/)-. 

Hence, if r^ e X is the generic point, then 2?^ = Ox,ri = -?''(-'^), and by construc- 
tion, 

dyiVy X Vy) = Q e £l \f y E X ^^l 

Hence, 0(V x V) = 0. Finally, since V is locally free, V e CM"{X). D 

Given [Al,(/)] e W{CM^{X);C), we may localize at a; e X^p^ to obtain 
[Ala;, (j)x] e VK(CAl^(Xa;);C2:). Hence, there is a map 

/CP:W^(CMP(X);C)^ [J W{CMP{X,);C,). 
Pardon[14, 3.9, 3.23] showed that the sequence 

'C T T Tj^fr: i AVf V \. n ^ -C 

is exact. Setting d^ := /Cp+^ o £p, we thus obtain a complex 



O^W^(CMP(X);C)^ Y[ W{CM^{X,);C,)^W{CM'P+\X)-C) (2.1) 



0^ ]J W{CM\X^);C^)'^---^ W mCM"(Xx);C,)^0. (2.2) 

Moreover, he showed [14, 5.1] that if X is the spectrum of a regular local ring 
which is essentially of finite type over a field of characteristic different from 2, 
then U" is surjective and therefore (2.2) is acyclic, with kerd^ = W{Si{A)-,C). 
To recover the Gersten-Witt complex from (2.2), he makes use of the devissage 
[13, 2.2] 

]J W{K{x)-KPN{m^)®o.C,)^ W W{CMP{X^);Cx), (2.3) 

where N{xn.x) '■= Homg)^ (ma;/m^ , k(x)). One may always choose an isomorphism 

AP7V(m,)®o^C, ^«;(x), 
giving rise to a non- canonical isomorphism 

W{K{x)-KPN{mx)®o^ C,) ^ W{n{x)). 
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Thus we obtain the classical Gersten-Witt complex 

0^ U W{Kix))^ U WiKix))^ > U WiKix))'^0. 

The local acyclicity of (2.2) implies that we can sheafify it to obtain a flasque 
resolution. Define a Witt sheaf for each afhnc open subset U cz X hy 



W{X;C){U) := ker W{K{rj);Cr,) ^ 



xeUnXi^) / 



where i] e X is the generic point. (2.2) then sheafifies to a Basque resolution of 
W{X;C) : 

^ t^^W{K{'n);C^) "^ U «x*T^(K(x);iV(m,)®o^_, C,)^--- 



xeXW 



reX(") 



where W{k{x)] N{mx)®Ox ^^x) is viewed as a constant sheaf on x, and i^ : x ^^ 
X is the inclusion [14, 0.11]. By the Purity Theorem[ll], the stalk of W{X;C) 
at a; e X is W{X^;C^), so WiX;C){U) = W{U). 
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Chapter 3 



Hirzebruch surfaces 



This chapter is organized as fohows: 

In Section 3.1, wc introduce the Hirzebruch surface _ff„, and discuss its 
geometry. 

In Section 3.2, wc define a new complex of Witt groups on 2-dimensional sur- 
faces supported on codimension p tori. We define these Witt groups in Sections 
3.3. In Section 3.4, we define the boundary maps of this complex. 

In Section 3.5, we show that the Witt group supported on codimension p 
tori is isomorphic to the Witt group of the the tori, thus obtaining a complex 
of Witt groups of tori. Our claim is that this complex is quasi-isomorphic to 
the Gersten-Witt complex of i/„ . We prove the quasi- isomorphism in the next 
chapter. 



3.1 Geometry of Hirzebruch surfaces 

The Hirzebruch surface iJ„ is a Pj. bundle tt : i/„ -^ Pj. obtained by projec- 
tivizing the line bundle Opi @Ofi{—n). It can be constructed as a toric variety 
by a fan depicted below [5, p. 7]: 

(-l,n) 



(1,0) 
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CHAPTER 3. HIRZEBRUCH SURFACES 



To each cone ai corresponds an affinc open subset Ua^ '■ 

Ua-2 = SpecC[x,y]^ — s-SpecC[z,i(;] = Ua-^ 




(3.1) 



Uai = S]yccC[x,y]^ — s-SpecC[z,w] = Ua-^ 

where z := 1/x, w := l/x"y, w := 1/w, y := l/y. The axes of Ua- constitute 
four projective lines in if„, denoted by X, Y, Z, W: 

(3.2) 



Uajj; 



-X- 



v/ 



O^fi 



X and Z are sections of n : Hn -^V\.. Y and W arc fibres over Pj,, hence have 
trivial normal bundles, while the normal bundles of X and Z are "twisted" by 
the integer parameter n. When n = 0, there is no twist, and H^ ^ P^ x Pc- 

Fernandez-Carmena [4, 3.4] showed that the Witt group of a smooth complex 
surface is a birational invariant. Hence, 



Z/2 



VneZ. 



W{H,,) = W{Vl) 
We will adopt the following notations: 

Hl:= XyjY yj ZyjW, 

Tx '■= X — {Oxy, Ozw} , 
Tz '■= Z — {Ozw, Oxy} , 

L:= X vj Z, 
Tl ■■= Tx u Tz, 
Note that Tl = H^ - N, Tn = H^ - L, and H^ = LnN. 



(3.3) 



n ■ i^xyi ^zw) ^xy^ ^zw) • 
Ty ■.= Y- {Oxy, Oxy}, 

Tw-=W-{0zw,0z^}, 

N ■.= YkjW, 
Tn ■= Ty u Tw- 



3.2 A complex of Witt groups supported on tori 

Let H = Hn for some n e Z, and -q e H the generic point. The Gcrstcn-Witt 
complex of H is given by 

O^W{n{f^))'^ W W{CM\Hx))'^ Y[ W{CM\Hx))^0. (3.4) 
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In Pardon's construction [14], 

d°:WiKiTj))^WiCM\H))^ U WiCM\H,)), 






d^: W W{CM\H,))^W{CM\H))'^ [J W{CM\H,)). 



We claim (Proposition 4.0.6, Corollary 3.5.3) that there is a quasi-isoniorphic 
complex 

^ W{H-H^) ^ W{CM^tSH-N))Y[w{CM\^^{H-L)) ^ W{CM]i2{H)) -^ 0, 

(3.5) 
where d^j is the compositioin 

W{H-H^) ^-^' W{CM]fi{H)) '^-^' W{CM]ii_j^{H-N))Uw{CM]fi_L{H-L)), 

(3.6) 
where /C^i :=^]v]_[^L' 



ICJ,:W{CM},^{H)) 


- W{CM]I^_^{H - N)), 


(3.7) 


JCl-.WiCM'H^iH)) 


- l^(CM]j,_i(ff-L)), 


(3.8) 


.U'C^™^ where 






C}r,--W{CM}rAH- 


JV)) - Ty(CA^L^(F)), 


(3.9) 


C'r,:W{CM}rjH- 


-i)) - T4^(CML^(if)). 


(3.10) 



Recall that L n N = H^ . IC^i is an excision map induced by restriction, and it 
is injective because K,^ is injective [14, 3.9]. 

In the next couple of sections, we define the Witt groups with support and 
the lattice maps £^i , C}p , £^ . 

3.3 Witt groups with support 

If y is a closed subscheme of X, CAiyi-^) will denote the category of coherent 
sheaves of CM Ox-modules of codimension p supported on Y. Also, if V is a 
sheaf of Ox-niodules, then Vy will denote the sheaf of Ox-modules defined for 
each affine open subset U ^ X hy 

00 

Vy(C/):=U(0:^(n(^r)v(C/), 

1=1 

where J^{Y) a Ox is the ideal sheaf of Y. 
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3.3.1 W{CM]ji{H)) 

Let Q\ji (H) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

(l):M xM^V^^, 

where Ai e CAl^i(iJ). {Ai,(j)) e Q^{H) is called a lagrangian if there is a 
submodule M cz M such that M,M/N 6 CAl^i(7f), 4>\f^xN = 0, and the 
induced pairing 

N X (X/AT) ^ V^^ 

is nonsingular. VK(CAl^i (if )) is the Grothendieck group of Q\ji{H) modulo 
the subgroup generated by lagrangians. Note that the images of the above 
bilinear maps lie in V^ ^i . 

3.3.2 W{CM\{H -N)) 

Let Qy {H — N) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

0:MxM^V^„_„, 

where M e CM\'^{H — N). {M,(t)) e Q^ {H — N) is called a Za(;raK(;mn if there 
is a submodule N cz M such that TV, M/N e CM^^ (H — N), (f)\j\fxj\r = 0, and 
the induced pairing 

Af X (M/Af) - Vh,_^ 

is nonsingular. W{CAix,^{H — N)) is the Grothendieck group of Q^ (H — iV) 
modulo the subgroup generated by lagrangians. Note that the images of the 
above bilinear maps lie in Vq rp . 

3.3.3 W{CMt^{H -L)) 

Let Q}p (H — L) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

where Ai e CAij-j^ {H — L). (Al, (j)) e Q^ {H — L) is called a lagrangian if there 
is a submodule J\f <z M such that Af,M/Af e CM^^{H — L), ^IaAxAA = 0, and 
the induced pairing 

N X {M/N) - V^^_^ 

is nonsingular. W{CAirp^{H — L)) is the Grothendieck group of Q^ {H — L) 
modulo the subgroup generated by lagrangians. Note that the images of the 
above bilinear maps lie in Vq rp . 
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3.3.4 CM]j2{H) 

Let Q^fj2 {H) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

4>:M xM^Vl^, 

where Ai e CM.^2{H). {Ai,(j}) e Q^2(-ff) is called a lagrangian if there is a 
submodule N <^ M such that Af,M/J\f e CM\j-2{H), (/)|aAxA^ = 0, and the 
induced pairing 

Af X {M/Af) -^ Vl^ 

is nonsingular. W{CAi\j2{H)) is the Grothendieck group of (5^2 (-ff) modulo 
the subgroup generated by lagrangians. Note that the images of the above 
bilinear maps lie in V^ ^2 ■ 

3.4 Lattice maps with support 

We will use Oh for our canonical sheaf for H. The construction is essentially 
the same as Pardon's [14]. All we are doing here is to show that his construction 
works even with the additional support condition. 

3.4.1 C% : W{H - H^) -^ W{CM]ji (H)) 
Let [TV, ip] e W{H - H^), so that 

ij -.AfxAf^OH-m, 

where TV e CM"{H - H^). Let i : H - H^ ^ H he the inclusion. An Or- 
submodule M c i^J\f is a lattice if Al e CM"{H) and M\h-h^ = TV. The 
lattice is integral with respect to tp if {i:i:ip){Ai x Ai) cz Oh. 

Ai X Ai cz i^Af X i^Af 
I 

Oh ^ hOh-h^ 

If TM is an integral lattice for [TV, V'], its dual lattice is an O/f -submodule AI' a 
hTV defined for each afhne open subset t/ c iJ by 

Ai'iU) = {ne i^N{U) \ {i^i>){U){n,M{U)) cz Oh{U)} . 

Then there is an induced symmetric bilinear form 

- M' M' i^Oh-h^ 

ip : X 



---> 



Ai Ai Oh 

^iven by ■0(m']^,?fi2) = (P{{i:f'ip){Tn'-j^,m'2)) on affine open subsets. 
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M! I M. is supported on H^ because M! locally coincides with M. at every 
point oi H — H^ by the nonsingularity of ip- Moreover, M' /M e CM^{H) by 
[13, 1.2]. 

Before we prove our main propositions (Proposition 3.4.4, Proposition 3.4.5), 
we need some lemmas: 

Lemma 3.4.1. In the notation as above, 

Proof. Vq^ = -^ — -, where the function field K{H) of H is viewed as a con- 
stant sheaf on iJ, and for every afhne open subset U ^ H, Vq //i(^) ^ 
{K{H)/Oh){U) is the subset of sections with poles along H^ n U: 






Oh ^ '^ Oh 



a 

Lemma 3.4.2. Let [A1,0] e W{CM^j^i^{X)-,C), andM ^ M a totally isotropic 
suhmodule such that Af,Af'^ /Af e CAi^^ i^)- If the induced bilinear maps 

a:Af X M/M^ -^V^+\ 13: M^/M x M^/M -^ V^+i 

are nonsingular and [A/'^/A/', /?] is a lagrangian, then [Ai,(p] is a lagrangian. 

Proof. Let IC/M cz M^/N be a sublagrangian, where A/" c /C c J\f^. We will 
show that /C cz Al is a sublagrangian. Since Af,IC/Af e CAi^~^^{X), we have 
/C e CMP+\X) [13, 1.2]. Being a sublagrangian, IC/Af c Af^/Af is totally 
isotropic, so /C c Al is totally isotropic, as well. Let 

: /C X A4/IC -^ VP+^ 

be the induced pairing. We will show that the induced map 

ad^ 4> : M/IC -^ ,y>fom{JC, V^^^) 

is bijective. This would imply M/K, e CM^^^iX) [13, 1.6a], and that JC ^ M 
is a sublagrangian, finishing the proof. 

To this end, note that there is a short exact sequence 

Taking (— )* = J^om(— , V^^^), we obtain a commutative diagram 
0^ IC/Af -^ /C^ Af- 



-<r- 



ad^ 



ad (f) 



ad a 



{{N^/N)/{K/N)Y ^^— (M//C)* ^ {M/N^Y 
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where the rows are exact. Since ad /3 and ad a are isomorphisms, j* is surjective, 
hence ad^ is bijective. Reflexivity of CM modules [13, 1.6a] then imphes that 
ad' (j) is also bijective, as desired. D 

Lemma 3.4.3. Let [A1,0] e W{CM^^i^{X);C), andM <^ M a totally isotropic 
suhmodule such that Af,Af'^/Af e CM.^^ i^)- If the induced bilinear maps 

are nonsingular, then [M,(j}\ = [N'^/U,I3\ m W{CM''^i^{XyX). 

Proof. We will show that [M,(j)\- W^/M, IS\ = [M® (A/'-^/TV), 0© (-/3)] is a 
lagrangian. Let Wi = TV © c 7W © {M^/M). Then A^i e CAl^+i^(X), and 

All 
Since Af c 7V^ , we have Afi c Af-^ and 

Afi^/Afi ^ {Af^/Af) © {Af^/Af) e CM%\x). 
The induced bilinear maps 

All 



are isomorphic to 



a:Afx {M/Af^)^VP+^, 



p © (-/?) : {N^/Af) © {N^/N) X {Af^/Af) © (AA^/AA) ^ V^+S 

respectively. Note that the latter is a hyperbolic form, hence a lagrangian. Thus, 
applying Lemma 3.4.2 with [M © (TV-"- /A/"), © (-/3)] in place of [Al, 0], and 
TVi in place of TV, it follows that [M © (7V-'-/7V), 0© (-/3)] is a lagrangian. D 

We arc now ready to prove one of our main propositions in this chapter: 

Proposition 3.4.4. There is a well-defined map 

C%, -.WiH - H^) -^ W{CM]ji{H)), [AA,i/.]^[M7X,V;], 

where AA is an integral lattice for [Af, ip] ■ 

Proof. We have seen above that A4'/A4 e CA4\fi{H). We must show that 1) 
■0 is nonsingular, 2) [A1'/A1,V'] is independent of the choice of A4, and 3) if 
[A/", -0] is a lagrangian, so is [A4'/A4,4>]. 

1) For the nonsingularity of ■0, we need to show that the induced map 

ad^ : M'/M ^ J^fom{A4' /A4,i^Oh-h^/Oh) 
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is bijective. Injectivity is clear from the definition of dual lattice. For surjectiv- 
ity, let /3 e ,j^om{M' /M.,iifOfj-H^/^H)- The short exact sequence 



O^M^M' ^ M'/M 
induces an exact sequence [13, 1.6b] 







^ {M'/MY <^M^M' ^0. 

where (-)^ := M'om{-,OH), {-)" := Jfomi-,V^iH)). If /3 = (5(a), there is a 
commutative diagram 







■M 



M' 







■O 



H 



hOh-h^ 



■M'/M 



-^K.M^ 



-^0 



-^0 



where the rows are exact (Lemma 3.4.1). a' is given on an affine open subset 
[/ c 7? by a'{U) = {i^ili){U){rn^ — ) for some m e M{U). Hence, 

/?([/) = 4,{U){m!,-) = adi){U){7h') 

for some fhl e [M' /M){U), i.e., adf/j is surjective. 

2) Now suppose that Mi^Mi c i^N are two integral lattices. Then Mi n 
7^2 is also an integral lattice, so we may assume Mi <^ M2- Then there are 
inclusions 

Ml cz M2 c M'2 c M'l cz i^Af. 

Hence, M2/M1 cz M'^/Mi is a totally isotropic subspace, and 
{M2/Mi)^ = M'2/Mi c M'JMi. 



Hence, there are isomorphisms 

{M2/Mi)^/{M2/Mi) ^ M'2/M2, 
and the induced bilinear maps 



{M'i/Mi)/{M2/Mi)^ ^M'i/M'2, 



a : M2/M1 X {M[/Mi)/{M2/Mi 



V\H). 



p : {M2/Mi)^/{M2/Mi) X {M2/Mi)^/{M2/Mi) -^ V\H), 
are isomorphic to the bilinear forms 

a' : M2/M1 X M'JM'2 -^ V\H), 

13' : M'2/M2 X M'2/M2 ^ V\H), 

respectively. We have shown the nonsingularity of /3' in the first part of the 
proof. Similar proof shows that ad a' is surjective. The refiexivity of CM mod- 
ules [13, 1.6] implies that M'l = Mi, which in turn implies injectivity of ad a'. 
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Hence, a' and /?' are nonsingular, and therefore a and /3 are nonsingular. Since 
M2/Mi,M'2/M2 6 CM^{H) [13, 1.2], the resuh then follows from applying 
Lemma 3.4.3 to [M[/Mi,ip] e W{CM]jiiH)) and M2/M1 c M[/Mi. 

3) Let [Af, ip] e W{H-H^) be a lagrangian. We will show that [M'/M,tp] = 
G W{CAi}fi{H)). Since the localization map 

W{CM'h,{H))^ U W{CM\H,)) 

xeHW 

is injective [14, 3.9], it suffices to show that 

Let Z c TV be a sublagrangian, and define 

g := ker(M ^ i^Af -^ i^{N/I)). 

Since AA is an integral lattice, there is an induced bilinear map 

hV' : M X M ^ Oh- 

Since Q c: i^I^ the submodule Q a M. \s totally isotropic with respect to i^i), 
and there is an induced pairing 



Let (-)* 
diagram 



a-.gx M/g -^ Oh- 
Jifom{—,OH)- Since M' ^ M* [14, 3.16], there is a commutative 















-^ M — ^^ M/g 



ad a 



adi^l-V 



— ^ {M/g)* — — ^ M' 



adt, 



*- cok ad a s- M'/M s- cok ad' 1 



where the rows and columns are exact. Since M e CM'^{H) and M/g ^^ 
i^{N/I) e CM\H), we have g,M/g e S^{H) [14, 1.19]. Hence, g^^^M^/g^ e 
CM'^{Hx) Vx e H^^K By [13, 1.6c], the second and third rows arc locally 
exact at every point of H^^' . Let S := iniTf*. It follows from the commutative 
diagram that iplsxs = Oj ^^id the local exactness of the third row implies that 
S c M'/M is a sublagrangian at those points (in H^^^). D 
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Since £^1 is defined in the same way as Pardon's lattice map C'^, there is a 
commutative diagram 

Wi^m -U.eif(i) WiCM\H,)) 



W{H - H^) ^^ W{CM^T^{H - N))UW{CM]^^{H - L)) 

where d^ = K} o C^ , d% = K,\ji o £^i, and the vertical maps are induced by 
inclusion. Note that the bottom right has only two Witt components supported 
on T^ and T/Vi because the image of the lattice map >C^i is supported on H^ . 

3.4.2 Or^MCl^ : W{CM}r,{H - N)Y[W{CM^tAH - L) ^ 
W{CM\2{H)) 

Let [TV, V] e W{CMt^ {H- N)),so that 

where TV e CMt^{H - TV). Let i : i7 - TV -^ i7 be the inclusion. An Or- 
submodule M c z^tV is a lattice if Al e CM\{H) and M\h-n = TV. The 
lattice is integral with respect to ■)/' if (hV')(-^ '^ ^) ^ "^"0 • 

M -x M c i^M X i^M 
I 

I i^V 

Since TM c i^^TV, the image of the left vertical map necessarily lies in Vq j^. 

If Ai is an integral lattice for [TV, '0] , its dual lattice is an O^-submodule 
Ai' c Z;fTV defined for each affine open subset U cz H hy 

M'{U) = {n e i^AfiU) \ {i^i^){U){n,M{U)) cz V^„,i(t/)} . 

Applying Bass's theorem [2, 2.5] which states that minimal injective resolution 
is preserved under taking annihilator of a regular element, we obtain an exact 
sequence 

" '^Oh,L '--Oh-L '--Oh.l ^ ^1 

which is a minimal injective resolution of Vq ^ as a sheaf of O^-modules, 
where Oj^ is the L-adic completion of Oh- Thus, there is an induced map 

7 M' M' . 
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Ai' locally coincides with Ai at every point oi H — N. Also, being submodules 
of i^Af, A4' and A4 are supported on L. Hence, 7M'/A^ is supported on NnL = 
H^, and the image of -ip lies in V^{H)h2. Moreover, M'/M 6 CM'^{H) by [13, 
1.2]. 

Our next main proposition of this chapter can be proved in the same way as 
Proposition 3.4.4: 

Proposition 3.4.5. There are well-defined maps 
C}r^:W{CM}r^{H-N)) --^ W{CM'\i2{H)), [N,iIj\^ [M' /M.i^], 



Let d\j := >Cy U'Ct ' ^^ ^^at 

d\j : W{CM}r^{H - N))Y[w{CMlr^{H - L)) -^ W{CAijj2{H)). 

Since C}p and C}p are defined in the same way as Pardon's lattice map C^, 
there is a commutative diagram 



W{C Ai^T^ {H-N))U W{C Ai\.^ (H-L)) '^-^ W{CM]j2 {H)) 

where d^ = K? o C^ . Note that the Witt group on the bottom right is supported 
on four points 0^;^, Q^w, O^y, ^zw e H^'^\ 



3.5 Devissage 

Let X be a scheme, and x e X^'P' a point of codimension p. In its original form, 
devissage [13, 2.2] states that there is an isomorphism (see (2.3) for canonical 
version) 

W{n{x)) ^ W{CAi^{X^)). 

In order to identify the complex (3.5) with a complex of Witt groups of tori, we 
need isomorphisms of the form 

W{Tx)^W{CMlr^{Hr,-N)). (3.11) 

There is certainly such a map induced by inclusion. However, unlike CAi^{Xx), 
the sheaves in CAij'^ {Hn — N) are not of finite length, so devissage cannot be 
applied in its original form. In this section, we show that the map is still an 
isomorphism. First we need a lemma: 
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Lemma 3.5.1. Let 

be a minimal injective resolution ofC[x,y]. Then 

C(x)[y,l/j/] 



£l := [JiO : fh. 



c(x)M ■ 



Proof. Let V c £p denote the p-th cosyzygy. We have f" = C{x,y), V^ = 

C[x,y] ' ^^^ 

Hence, there is an inclusion V}, ^^ ^/ \r i ■ We will show that this is an an 

' V C{x)[y\ 

essential injective extension over C[a:][[j/]]. This is an equivalent way of saying 
that it is an injective hull over C[a;][[2/]] [17, 2.21]. Since Vy cz £y is an injective 
hull over C[x][[2/]] by Bass [2, 2.5], the result follows. 

C(i)f 1 ^^ ^^ injective C(a;)[[y]]-module, since it is divisible over PID. This 
in turn implies that it is injective over C[x][[y]]. 

For essentiality, note that every non-zero clement of r/i^r i can be repre- 
sented by a finite sum of the form 2^> -^ ^i^ , where /i , 5i 6 <C\x\ c C[a;][[y]]. By 
multiplying this by ni>5*' one obtains a non-zero element in Vy = cu' i ■ 
This implies that Vy ^^ c(x)\ 1 ^^ ^'^ essential extension. D 

Proposition 3.5.2. There are isomorphisms 

WiTx) ^ W{CM}rAHn - N)), W{Tz) ^ W{CM}r,{H,, - N)) 

W{Ty) ^ W{CM}r^{H^ - L)), WiTw) ^ WiCM'r^iH„ - L)) 

induced by inclusion. 

Proof. Wc will only prove the first isomorphism. The proofs for the other iso- 
morphisms are similar. 

Tx can be covered by two affine open subsets, U = SpecC[a;, 1/x] and 
V = SpccC[z, 1/z], glued together via x ^ l/z. If [M,4>\ e W{Tx), then 

c^{U) : M{U) X M{U) ^ V%^^ (U) = C[x, 1/x] 
^{V) : M{V) X M{V) - V"a^jV) = C[z,l/z] 

where A4{U) is a free C[x, l/a;]-module, and A4{V) is a free C[z, l/z]-module. 
On the other hand, viewed as a subset of i7„ — A^, Tx can also be covered 
by two affine open subsets Ui = Spec C[x,y, 1/x] and U4 = SpecC[z,i5, 1/2;], 
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glued together via x -^ 1/z and y ^ z^w. If [TV, V'] e W{CMT^{Hn - N)), 
then 



A/'(C/i) X A/'(C/i) 



V.((7i) 



V, 



^— ^ i, a;,y,l 



00 



[a:,y,l/a:J 






i=l 



U,™,iAJ 



C[a:,y,l/a:, I/t/] 
C[x,j/, 1/x] 

C[z,iZ), 1/z, l/w] 
C[z,v), 1/z] 



where Af(Ui) is a CM C[x, y, l/x]-module of codimcnsion 1 killed by some power 
of y, and NiU^) is a CM C[2;, w, l/z]-module of codimension 1 killed by some 
power of w. 

Let i : Tx ^-> Hn — N he the inclusion. There is an injection 

which is given on the affine charts \J\ and t/4 by 

C[x,y, 1/x, 1/y] 



j(C/i) : C[x, 1/x] 
i(;74) : C[z, 1/z] 



C[a;, y, l/x] 
:[z,u;,l/z,l/y] 



C[z,u', 1/z] 

Thus there is an induced map of Witt groups 

W{Tx) "^ WiCM^T^iMn-N)), [M,0] ^ [i^M,j o 1^4,]. 

We will show that this map is an isomorphism. It suffices to show that this is 
an isomorphism on one of the affine charts, Ui. 
There is a commutative diagram of value groups 











VO 



£^, 



x,l/x] 



x,l/x] 



,-r- T-I K ^^'" ■, C[x,y,l/x,l/y] 
LX,X J- C[x,y,l/x] 



vi 



x,y-l/x],y 



C(a;)C 



i/y 



'^C\x,l/x'\ 



C{x) c ^ly 
[x-l/x] 



C(x)[y] 



C(x)[y,l/y] 
C[x,y,l/x,l/y]+Cix)[y] 



^Cix)[y],y 






\x,y-Mx].,y 
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where the columns arc exact. Note that we can make the identification 






<C{x)[y,l/y] 



C(a;)[y] 

by Lemma 3.5.1. Thus we have an induced commutative diagram of Witt groups 




W{CM"{C[x, 1/x]) -^ W{CMl{C[x,y, l/x])) 



K.° 



ICl. 



W{CM°iC{x))) 



i/y 



WiCMliCixM)) 



y 



W{CM\C[x, l/x])) ^^ W{CMl{C[x,y, l/x])) 







Pardon[14] showed that the first column is exact. His proof easily extends to the 
second column (shown below), so the second column is also exact. We will show 
that the second and third horizontal maps are isomorphisms, which implies that 
the first horizontal map is also an isomorphism. 

To this end, note that the modules in CAl^(C(x)[y]) and CAl^(C[x,y, l/x]) 
are of finite length. Hence, we may apply dcvissage [13, 2.2] to reduce the powers 
of y which annihilate the modules down to 1, thereby representing the forms by 
the images of the horizontal maps. This proves surjectivity. Injectivity follows 
from the fact that devissage preserves lagrangians. 

To prove exactness of the second column, first note that surjectivity of Cy 
follows from surjectivity of £" and bijectivity of the bottom horizontal map. 
Secondly, injectivity of JCy follows from injectivity of JC^ [14, 3.9]. £^ o /C^ = 



is clear, and the only non-trivial part is to show that ker£j 
[N, ip] e ker £ J , so that 

[M7M,^] + [Li,0i] = [L2,02], 



imJCy. 



Let 



(3.12) 



where M is an integral lattice for [iV, ■;/;], M' is its dual lattice, and [Li,(/)i], 
[L2,4>2] are lagrangians. 

First suppose that [ii,0i] = 0, so that [M' /M,ip] is a lagrangian. Let 
K cz M'/M be a sublagrangian, and K a M' its puUback under the quotient 
map M' -^ M'/M. Since ^ is a sublagrangian, K = K^ [8, p. 134], therefore 
K = K' . The isomorphism 



if'-Hom(i^,V^[,^^,i/,]) 
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then implies that K e CMI{C[x, y, 1/x]) [14, 1.13], and that 

is nonsingular. Hence, [-ftT, V'Ikxk] e W{CAiy{C[x,y, 1/x])), and clearly 

ICl{[K,i;KxK]) = [N,i^l 

proving ker£j cz ini/C^. 

Next, we show that [Li,(/)i] e im/C^, justifying our assumption. By adding 
[Li,— (/>i] to both sides of (3.12), we may assume that [Li,(/)i] is a hyperbolic 
form (1.2.2), so that 

Li =T©f, 

where T e CMl{C[x,y, 1/x]) and f := Hom(T, V^[^^ ^/^j). By [13, 1.6b], there 
exists an exact sequence 

0^/^J^T^O, (3.13) 

where J e CAiy{C[x,y, l/x]), and a dual exact sequence 

0^ J* ^/* ^f^O, (3.14) 

where J* := Hom(J, V^^^ ,^ ,/^j), /* := Hom(/, V^^,^ ^/^j). Combining (3.13) 
and (3.14) gives an exact sequence 

^ / © J* ^ J © /* ^ Li ^ 0. 

Let S:=I®J*, and 

(7 : S X S ^ "^'c[2:,y,l/a;] 

the induced pairing with (Ti/x/ = <^\j*xj* = 0. Then [S*, cr] e W{CAiy{C[x,y,l/x])) 
[13, 1.6a], and /Cj([5, cr]) = [Li,(/)i], as desired. D 

Corollary 3.5.3. There are canonical isomorphisms 

WiTx)UwiTz) ^ WiCM'T^Hr^-N)) 
W{TY)UwiTw) ^ WiCM^T^Hn-L)) 

induced by inclusion. 

Proof. It is easy to see that if Al e CM^^ (Hn—N), then M = Mx®Mzi where 
Mx ■■= u£i(0 : .yiXy)M, Mz ■■= u«i(0 : ^(Z)^^, and ^(X),^(Z) c 
Oh„ are the ideal sheaves of X and Z, respectively. Hence, there is an isomor- 
phism 

[M,(j)] ^ {[Mx,(I)\mx],[Mz,<I)\mz]) 
[M,0] + [AA,V] ^ ([M,0],[AA,^]) 

and the result follows from Proposition 3.5.2. D 
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Chapter 4 

Quasi-isomorphism via toric 
decomposition 

In this chapter, we will prove that the toric complex 

^ W{H^ Hi) "h W{Hl Hi) "h W{Hl) - (4.1) 



is quasi-isoniorphic to the Gcrstcn-Witt complex of iJ„ 

xeH'^^ xGHi^^ xeHi?'> 

By Corollary 3.5.3, this implies that the complex 



0-> U W{Kix))^ U W{k{x))^ U W{k{x))^0. (4.2) 



-^ W{H-H^) ^ W{CM^T^{H-N))UW{CM^T^{H-L)) ^ W{CMJi2{H)) -^ 

(4.3) 
that we constructed in Chapter 3 is quasi-isomorphic to (4.2). 
More generally, let X be a toric variety of dimension n, where 



X = X" ^ X^ ^ ■ ■ ■ ^ X"" ^ X"+i = 

is a chain of closures of orbits of the torus action, and Y^ := X^ — X^^^ is a 
finite disjoint union of (n — p)-tori. Let 

RP{X):= W(«(x)) 

xeX(p) 

be the p-th term of the Gersten-Witt complex of X. 

In order to prove the quasi-isomorphism, we need the following proposition, 
due to Pardon: 

Proposition 4.0.4. Let k be a field with char fc ^ 2. Then the Gersten-Witt 
complex o/A^' is acyclic, and H^{A^^) = W{A]^). 
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Proof. We will prove by induction on n. It is trivially true if n = 0, so assume 
that n > 1, and that it is true for n — 1. 

If p e Specfc[a;i], denote its fibre under the projection 



Spec/c[xi, . . . ,x„] -^ Specfc[a:;i] 



by i^p. If p e SpecA:[xi] is not the generic point, then p = (/), where / 6 k[xi] 
is an irreducible polynomial. Hence, 



Fp = Spcc{k[xi,...,Xn]/{f)) = Spec((/c[a;i]/(/))[a;2,---,a;„]), 



and k[xi]/{f) is an algebraic field extension over k. If 77 e Specfc[a;i] is the 
generic point, then F^ = Spec k{xi)[x2, • • • , a;„]. Note that Spec k[xi, . . . , x„] 
and Fri have the same function field, k(xi, . . . , x„). 

Let A := Specfc[a;i, . . . ,a;„] and Ai := Specfc[xi]. There is a commutative 
diagram 



^W{k 



xi]) W{k{x,)) ^ Ua'^^ W{k[x,]/p) ^ 



W{A) 



WiF,) 



pga\^ 



-U„..a)m^p) 



lpeA\ 



where the vertical maps are induced by inclusion. By Karoubi [7], the vertical 
maps are isomorphisms, and by Pardon [13], the first row is exact. Hence, the 
second row is also exact. 

Now, there is a short exact sequence of Gersten-Witt complexes 



0- U R'{F,)[-1]^R'{A)^R'{F,)^0, 



P^A['^ 
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where [—1] indicates a degree shift by -1. There is a commutative diagram 





Upe4^) WiKiF,)) 



W{A) 



- W{F^) 



W{K{A)) 

II 



U..A(i) w{<^)) 



W{K{F^)) ^^^ n ,j.(^) W{^{x)) 



Up,4^. wiF,) 





where columns are exact, and K(—) denotes the function field. Diagram chasing 
shows that there is an induced map 



U W{F,)-. U W{K{F,)). 



v^A' 



P^A' 



By the induction hypothesis, this map is injective, and the first and third rows 
in the above diagram are exact. Hence, the second row also is exact. D 

The same proof works with Laurent polynomials: 

Proposition 4.0.5. Let k be a field with char k ¥= 2, and T a torus (of any di- 
mension) overk. Then the Gersten-Witt complex ofT is acyclic, and H'^iT) = 

W{T). 

We now prove the main proposition of this chapter (see Takeda [19] for 
iiT-theoretic analogue): 

Proposition 4.0.6. The complex W{Y') is quasi-isomorphic to R'{X). 

Proof. The inclusion X^^^ ^^ X^ induces a short exact sequence 

^ R'{XP+^)[-l] -^ R'{XP) -^ R'{YP) -^ 0, (4.4) 

where [—1] indicates a degree shift by -1. Since Y^ = ]_[jT*, R'{YP) is acyclic 
by Proposition 4.0.5. Hence, the short exact sequence (4.4) induces an exact 
sequence 



S" 



^ H°{R'{XP)) '^ H%R'(YP)) --^ H%R'{XP+^)) ^ H\R'{XP)) -^ 0, 



l^^ J!" Tji, 



(4.5) 
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and isomorphisms 

The latter gives rise to a chain of isomorphisms 

H\R'{XP-^)) ^ H\R'{XP-^)) ^ . . . ^ HP{R'{X°)), 

which arc induced by the inclusion i?*(XP-')[-l] ^ R'{XP-^-^). 

Let d'P := /C^^^ o S^. The exactness of the sequence (4.5) implies that there 
is a complex 



> H°{R'{YP-^)) ''V H%R'{YP)) ^ H"{R'{YP+^)) 

By Proposition 4.0.4, 

H\R'{YP)) = W{YP) =Y[W{TP). 

i 

Hence, (4.6) gives a complex W(Y'). 
There is a commutative diagram 

H\R'{YP-^)) 



(4.6) 



^H^{R'{XP)) 
jp-i 

H^{R'{XP-^)) 




H%R'{YP)) -^^ H^{R'{XP+^)) 

j^p+i 

H°{R'{YP+^)) 



Y 


where the rows and columns are exact. Hence, there is a commutative diagram 

H°{R'{XP)) 'Z > kerpP 



U 
im SP-^ 
which gives rise to isomorphisms 



-^ imdP ^ 



HPiR'iX")) ^ H^R'iXP-^)) -r H^V^ ^ J-^ . HPmY')), 

where the first two isomorphisms are induced by inclusion. 

Now we will show that this isomorphism is induced by a chain map 



R'{X^) ^-- W{Y') 
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By the short exact sequence (4.4), there is a commutative diagram 





5" 



Y 
■R^{XP+^) 



H°{R'{XP)) - - ^H°{R'{YP)) 

Y Y 

R°{XP) =^ s- rO{Yp) 



d^iX") 

R^{XP) — 



d^{XP) 



R^{XP) 



cfiX") 



^R^{XP) 



-^R^{YP) *-0 



R^{YP) ^0 

Y 
R^{YP) ^0 



where the rows and columns are exact. By the isomorphism R^{Xp) ^ R^{YP), 
there is a map A^ : H^ {R' {YP)) --* R?{Xp), and a commutative diagram 



AP-i 



^0(^.(yp-l))C^^ i?"(XP-l 



,0(^p-lj 



H°{R'{Yp))^ 



X" 



-AP+i 



R"{XP)^ ^ R\XP-^) 



^0(^.(yp+l))C^^ i?"(XP+l)C ^ R\XP)'^ 

Hence, there are inclusions of chains 

W{Y') K R'{XP-^)[-p+l] ^ R'{XP-^)[-p+2] 



i?2(XP-l) 



which induces the isomorphism HP(W(Y')) ^ HP{R'{X°)). D 
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Chapter 5 

Computations 



In this chapter, we will compute the boundary maps of the toric complex (3.5). 
For the sake of simplicity (and without loss of generality), we will assume that 

From our choice of affine coordinates (3.1), we have Hn—H^ = SpecC[x, y, 1/x, l/y]. 
Then W{Hn — H^) is a Z/2-vector space of dimension 4, generated by the unary 
forms (1), (a;), (y), (xy) [7, 3.11]. On the other hand, by Corollary 3.5.3, 

WiCM'rAHn - N))UwiCM'T^iHn - L)) (5.1) 

is generated by 8 basis elements corresponding to the basis elements of 

WiTx), WiTy), WiTz), WiTw), 

each of which is generated by two basis elements [7, 3.9]. Hence, d^f can be 
represented by an 8-by-4 matrix. On the other hand, H^ consists of four points 
(refer to the picture (3.2)), and since the Witt group of a point is W{£.) = Z/2, 
W{CAi^ij2 (Hn)) is a Z/2-vector space of dimension 4, so d\j can be represented 
by a 4- by- 8 matrix. 

Proposition 5.0.7. With above choice of basis, the matrix representation for 
(Pj^ is given by 



<1> (x) (y) (xy) 



<1> (x) (y) (xy) 



lx> /O 



'■He 



(x) 

(y) 
(W 
<^> 










Vo 





1 



1 



1 J 



^H 



odd 



(W 


/o 





1 


\ 


(x) 











1 


(W 





1 








(y) 











1 


(W 











1 


<^> 








1 





<i»> 





1 








(w) 


Vo 





1 


/ 
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Proof. Let us first determine the entries in the first column. To do this, we need 
to see where the form {Oh„-h^ > (1)) is sent to by the composition /C^i o>C^i • To 
apply the lattice map £°^i , we need to find an integral lattice for {Oh„-h^ , (I))- 
We claim that O/^^ is an integral lattice for {Oh„-h^ , (I))- To sec this, wc check 
that the image of the bilinear form 

lies in Vq (C^crJ for every z, where j : Hn — H}-^ ^^ i7„ is the inclusion (see 
(3.1) for the definition of C/o-. .) For example, on Ua^, the form {Oh„-h^ j(1)) is 
given by 

C[a;, y, 1/x, 1/y] x C[a;, y, 1/x, 1/y] -^ C[x, y, 1/x, l/y], 

and the image of the bilinear form 

OnAUa^) X OnAUa,) = C[x,y] x C[x,y] ^ C[x,y,l/x,l/y] 

lies in Vg^J[/.J = OhAU.^) = C[x,y]. 
To find its dual lattice, note that 

O'nAU^r) ■■= {feC[x,y,l/x,l/y] \ f ■ C[x,y] cz C[x,y]} = C[x,y] = Oh„(C/.J. 

We can similarly check that O^ {UaJ = Cff„(^crJ for every i, so Oh„ is self- 
dual, resulting in £^1 «1» = 0." Hence, d%J(l}) = }C]j^ o £^1 «1» = 0, and 
the entries in the first column are all 0. 

Now let us determine the entries in the second column. 

The form (Oh^-h^ j (2;)) is given on the affine charts by 

Uai ■■ C[x,y,l/x,l/y]xC[x,y,l/x,l/y] -^ C[x,y,l/x,l/y] 
Ua2 ■ C[x,y,l/x,l/y]xC[x,y,l/x,l/y] -^ C[x,y,l/x,l/y] 

l/z 

Uas '■ C[z, w, 1/z, 1/w] X C[z, UI, , 1/z, 1/w] — > C[z, w, 1/z, 1/w] 

l/z 

C/ct4 '■ C[z,w,l/z,l/w] X C[z,w,l/z,l/w] -^ C[z,w,l/z,l/w] 
This time, Oh^ is not an integral lattice because the image of the bilinear form 

OhAU^:,) X On^iUaJ = C[z,w] x C[z,w] ^-^ C[z,w,l/z,l/w] 
does not lie in V^ (^^0-3) = ^niUas) = C[z, w]. On the other hand, 

OHA-W)iU^,) = z-C[z,wl 
and the image of the bilinear form 

z ■ C[z, w] X z ■ C[z, w] — > C[z, w, l/z, 1/w] 



41 



docs lie in C[z, w]. We can similarly check that the image of the bilinar form 

lies in Vq {Uai) for every i. Hence, Oh„{—W) is an integral lattice for 
{Oh^-h'^ T^x}). To find its dual lattice, note that 



OHA-wnu^J 



{/ e C[x,y, l/x, 1/y] \f-x- C[x,y] c C[x,y]} 
- •C[x,y] 

X 



We can similarly check on the other afhne open subsets to conclude that Oh„ {—W)' 
Cff„(^)- Hence, £^i ((x)) is given by 



Oh AY) 



Oh AY) i^yi^On^-Hi 



O 



H„ 



(5.2) 



OhA-w) OhA-w) 

Now we apply the map 

/C),i : W{CM],AHn)) - W{CM],i^_j,{H,, - N)) [J W{CM],i^_l{H^ - L)) 

by restricting the domain from iJ„ to _ff„ — N and 7J„ — L. (Recall L := X lj Z , 
N := Y ij W.) Restricting (5.2) to i/„ — N gives zero because 



Oh AY) 

OhA-w) 



Oh^-n 
Oh^-n 



0. 



By Corollary 3.5.3, this implies that lC\ji o £^i {(x)) has no component in the 
subspace generated by (la;),(x),(l2),(z), hence the corresponding rows in the 
second column are 0. 

On the other hand, restricting (5.2) to iJ„ — L gives 



OH^-LiTy) Oh„-l{Ty) (x) HOh^-H^^ 



Oh^-l{-Tw) Oh^-A-Tw) Oh^-l ■ 

On (iJ„ — L) n Ucr-^ = SpecC[x,y, 1/y], (5.3) gives a commutative diagram 



(5.3) 



^■C[x,y,l/y] 
C[a;,y,l/j/] 



[x,yA/v] x 



C[x,y,l/y\ 



Ijxx Ijx 

C[y,l/y]xC[y,l/y] 



:[x,y,llx,lly] 
'C[x,y,lly] 

l/x 

■<C[yA/y\ 



(5.4) 



while on (iJ„ — L) r\ Ua^ = SpecC[z, w, 1/w], it gives a commutative diagram 

C[z,w,l/w] C[z,w,l/w] 1/^^ C[z,w,l/z,l/w] 

z-C[z.w,l/w] z-V[z^w,l/w] C[z,w,l/w] 

A A 

1x1 ? 1/z 



[w, 1/w] X C[w, 1/w] 



■C[w,l/w] 
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We therefore conclude that IC\ o £^ {{x}) = {ly) + (Iw}- Hence, in the second 
column, the rows corresponding to (ly) and (!„,) are 1, and the rows corre- 
sponding to {y} nad (w} are 0. 

So far our results didn't depend on n. Now we will see that the third and 
fourth columns do depend on n. 

To determine the third column, consider the form (C'//^_/fi ,(y)), given on 
the affine charts by 

C/<Ti : C[x,y,l/x,l/y]xC[x,y,l/x,l/y] ^ C[x, y, 1/x, l/y] 

C/<T2 : C[x,j/, l/x,l/y] X C[x,j/, l/x,l/y] -^ C[x,y, 1/x, 1/j/] 

C/cr3 : C[z, w, 1/z, l/ui] X C[z, w, , 1/z, 1/w] -^ C[z, w, 1/z, 1/w] 

f7cr4 : C[z, iD, 1/z, 1/iD] X C[z, w, 1/2;, 1/w] '-^ C[z, u), 1/z, 1/w] 

We use the same argument as above to conclude that Oh„{—Z) is an integral 
lattice for {Oh„-h^ ,(y})- For example, C'/f^(— Z)([/<j3) = w ■ C[z,w], and the 
image of the bilinear map 

w ■ C[z,w] X w ■ C[z,ui\ — > C[z, w, 1/z, 1/w] 
lies in Vq {Ua^) = C[z,w]. To find its dual lattice, note that 

OhS-Z)'{U„,) := \fe£[z,wMzMw\\f w €[z M ^ <C[z . w\ 

[ w 

We can similarly check on the other affine open subsets to conclude that Oh„ {^Z)' 
Oh^X + nW). Hence, £0^1 «y» is given by 

OhA-Z) "" OhA-Z) ^ Oh^ ■ ^ ■ ' 

Now we apply the map 

JC]J^^ : W{CM\ji{H^)) ^ W{CM\ji_i^{Hr,- N))Y[w{CM\ji_Li.Hn- L)) 

by restricting the domains to i7„ — N and iJ„ — L. Restricting (5.5) to iJ„ — L 
gives 

C_ff„-L Oh„-l Oh„-l 

while restricting it to _ff„ — N gives 



X 



OH„-Ni-Tz) OH„-Ni-Tz) Oh„- 



H„-N 



(5.7) 
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On {Hn — L) n Uai = SpccC[x,y, 1/y], (5.6) is zero because 



O 



H„-L 



(nTw) 



O 



H„ 



o 



(H^-L)r,U^^ 



(H„-L)r,U„-^ 



o 



{H^-L)n,Uai 



0, 



while on (iJ„ — L) r\ Ua^ = SpecC[2;, w, 1/w], it becomes 



^ • C[z, w,l/w] 



[z,w,l/w\ z^/w <C[z,w,l/z,l/w\ 
C[z, w, l/w\ 



(5.8) 



C[z,w,l/w] C[z,u',l/w] 

If n is even, then 

^■C[2,w,l/w] ^■C[0,w,l/w] 
z • C[2;, w, 1/w] z • C[2;, w, 1/w] 

is a totahy isotropic subspace of (5.8) of half the rank, i.e., a sublagrangian. 
Hence, the Witt class of (5.8) is zero, i.e., K.\oC^^i {(y}) = 0. This implies that 

dPfj ((?/)) has no component in the subspace spanned by (ly),(j/),(lu,),(w), 
and the corresponding rows in the third column are zero. 
On the other hand, if n is odd, then 



M:= 



z("-l)/2 



C[z, w, l/w] 
is a totally isotropic subspace of (5.8), and 



[z,w,l/w] -^ ■ C[z,w,l/w] 

c 

C[z, w, l/w] 



M^ 



z(" + l)/2 



[z,w,l/w] 



so M-^/M 



C[z,w,l/w] 
[w, l/w], and there is a commutative diagram 



-jy^^:jjj2-C[z,w,l/w] ^(„+i)/2 •t^[^."'.l/' 



to z /-u; 



/n 



,("-l)/2 



[js,u',l/u'] (n-l)/2 •C[^:,^J,l/uj] 



C[u;,l/u;] X C[u;,l/u;] 



l/u 



C[z,'u;,l/u;] 

A 
1/z 

■C[u;,l/w] 



(5.9) 



By Lemma A. 0.16(2) and Lemma 3.4.3, M i-^ M^ /M does not change the Witt 
class, so we conclude that 1C\ o £^i ((j/)) = (l/w) = (w). Hence, in the third 

column, the row corresponding to (w} is 1, while the rows corresponding to 

<!?/>> (y)/!"-) are 0. 

Now on (iJ„ — N) n Ua^ = SpecC[x, y, 1/x], (5.7) gives a commutative 
diagram 



|-C[x,y,l/a:] |-C[x,y,l/a:] y C[a:,y,l/a;,l/i/] 

C[a:,y,l/2:] C[a:,y,l/a:] C[a:,y,l/2:] 

A A 

1/y X 1/y ? 1/y 

C[a;, 1/x] X C[a;, l/x] ^—^ £[x, l/x\ 



(5.10) 



44 CHAPTER 5. COMPUTATIONS 

while on (7?„ — N) n Ua^ = SpecC[z, w, 1/z], it gives a commutative diagram 

C[z,w,llz] C[z.w.llz] 2"/^ C[z,m),1/z,1/m)] (r,^^\ 

wC[z,w,l/z] ^ wC[z,w,l/z] ^ C[z,w,l/z] l^-iij 



1x1 



±i 


C[x,y,l/x, 


1/y] 


x/y 


C[x,y,l/x, 


i/y] 


•2^/- 


C[z,w,l/z 


l/w] 


"2^w 


C[Z, 10,1/2 


l/w] 



l/w 

C[z, 1/z] X C[z, 1/z] ^ C[z', 1/z] 

Hence, we conclude that /Cjy o £°^i ((y)) = 0-x} + {z"}. This implies that on 
the third column, the rows corresponding to (Ix) and (z") are 1, while the rows 
corresponding to (x) and (z""*"^) are 0. 

Finally, let us determine the entries in the fourth column. The form (Oh„-h^ , (^jj/)) 
is given on the affinc charts by 

Uai ■■ 'C[x, y, l/x, 1/y] x C[a:;, y, l/x, 1/y] 

Ua2 ■ C[a;, y, l/x, l/y] x C[a:;, y, l/x, l/y] 

C/crj : C[z, w, 1/z, l/w] X C[z,u', , 1/z, l/w] 

t/o-4 : C[z, w, 1/z, l/w] X C[z, iD, 1/z, 1/iD] 

Using the same argument as above, we conclude that Oh^{~Z~W) is an integral 
lattice. For example, Oh^{—Z — VF)(t/cr.,) = zw ■ C[z,w], and the image of the 
bilinear form 

zw ■ C[z, w] X zw ■ C[z, w] — > C[z, w, 1/z, l/w] 
lies in C[z, w]. To find its dual lattice, note that 

OnA-Z-WyiUa^) := I / e C[z, w, 1/z, l/w] | / • ^ zw • C[z, w] c C[z, w] I 

= OHAX + Y + nW){U„,). 

We can similarly check on the other affine open subsets to conclude that Oh„ (^2'— 
Wy = Oh„ {X + Y + nW). Hence, £0^1 {(xy)) is given by 

Now we apply the map 

by restricting the domains to _ff„ — N and i7„ — L. 
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Restricting (5.12) to if„ — N gives 



Oh„-n{Tx) Oh^-n{Tx) xy H^H^-H^ 



Oh.- 



H„-N 



while restricting to _ff„ — L gives 

Oh„-l{Ty + nTw) Oh„-l{Ty + nTw) xy hOh^-hi 



Oh^-l{-Tw) 



O 



H„-L 



i-Tw) 



O 



H„-L 



(5.13) 



(5.14) 



On (iJ„ — A^) n J7cti = SpecC[x,y, l/x], (5.13) gives a commutative diagram 



C[x^y,l/x] 
'[x,y,l/x] 

1/yxl/y 



[x,y,l/x] xy 



[x,y,l/x] 



[x,l/x] X C[a;,l/a;] 



[x,y,l/x,l/y] 
C[x,y.l/x] 

1/y 
-C[x]l/x] 



while on (_ff„ — N) n Ua^ = SpecC[z, w, 1/z], it gives a commutative diagram 

C[z,w,llz] C[z,m,l/z] z"~V'"' C[z,w,l/z,l/w] 

u'-C[z,u;,l/z] ^-C[z,'(i',l/z] C[z,^,l/z] 



A 
1x1 ^ 



[z, 1/z] X C[z,l/z] 



[z, l/z\ 



Hence, we conclude that JC]^ o £^i {(xy)) = (x) + <z" ^). This implies that in 
the fourth column, the rows corresponding to (x) and (z"~^) are 1, while the 
rows corresponding to (l^;) and (2;") are 0. 

On the other hand, on (_ff„ — L) r, Ua^ = Spec C[a;, y, 1/y], (5.14) gives a 
commutative diagram 



^■C[x,y,lly-] 
'C[x,y,lly] 

1/2; X Ijx 



x,y,l/y] ^y C[x,y,l/x,l/y] 
C[x,y,l/y] 



C[x,y,l/y] 



(5.15) 



C[y,l/y]xC[y,l/y] 



l/x 



■<C[y,l/y] 



while on (_ff„ — L) n Ua^ = SpecC[z, w, 1/w], it becomes 

-^ • C[z, w, 1/w] -^ • C[z, w, l/w] z-V^o C[z, w, 1/z, l/w] 



z ■ <C\_z,w^l/vo\ z-C[z,w,l/w] 
If n is odd, then 



C[2;, w, 1/w] 



(5.16) 



,(n-l)/2 



[z,w,l/w] ^ • C[2;, w,l/w] 



z • C[z, w, l/x] z • C[z, w, l/x] 
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is a totally isotropic subspace of (5.16) of half the rank, i.e., a sublagrangian. 
Hence, the Witt class of (5.16) is zero, and together with (5.15), we conclude 
that 

/Cio£0 «xy»=<y>. 

odd 

This implies that in the fourth column, the row corresponding to (y) is 1, while 
the rows corresponding to (ly), (Iw), (w) are 0. 
On the other hand, if n is even, then 

,_ -^^^ ■C[z,w,l/w] ^ -^ ■C[z,w,l/w] 
z ■ C[z, w, 1/w] z ■ C[z, w, 1/w] 

is a totally isotropic subspace of (5.16), and 

I —772 • C\z, W, 1/w] 

j^± ^ w^ LJ — ' ' \ 

z ■ C[z, w, 1/w] 

so M-^/M ^ C[w, 1/w], and there is a commutative diagram 

[z,w,l/w] -^-Clz.w.l/w] z"-^/w C[z,w,l/z,l/w] 



-^■C[z,w,l/w] ^f^_^ ■<C\z,w,\lw\ C[^,t«,l/Ml] 



(5.17) 



/2vl/."/2 



l/z"'^xl/ 



1/2 



C[u;, l/w] X C[u;, 1/w] ^^^^^ — *- <C\w, 1/w] 

As we noted earlier, M i-^ M-'^/M does not change the Witt class. Hence, 
together with (5.15), wc conclude that 

This implies that on the fourth column, the rows corresponding to (y) and (w) 
arc 1, while the rows corresponding to (Ij,) and (\w) are 0. This completes the 
proof. D 

Proposition 5.0.8. With the same choice of basis as in Proposition 5.0.7, the 
map d\j is represented by the matrix 

<1,> <x> <1,> <y> <1,> <z> <1^> <w> 

<0^y> /O 1 1 0\ 

^1 = {Ozw} 10 1 

^™™ {Q^y) 10 10 

{Ozw) Vo 1 l/ 

<1,> {x} <1,> <y> <1,> <z> <1„> <w> 
10 10 



d 




1 _ <OztD> I 1 1 

H 



°'^'^ (0.^„> I 1 1 

10 1 
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Proof. Recall that dj^ := C^p ]_[Cx ' where 

C\.^:WiCM'T,iHr,-N)) ^ T4^(CM^2 (i/„)), 
C't^ : W{CM^T^{H,, - L)) ^ W{CM]j2{H,,)). 

W{CM^rr.i.Hn-N)) is generated by <l,>,<x>,<l,>,<z>, and VK(CM^„(i/„-L)) 
is generated by {ly),{y),{lw),{w') (CoroUary 3.5.3). There is a commutative 
diagram 

W{CM}r^{Hn - N)) -^^ W{CM]i^{Hn)) 



where the vertical maps are induced by inclusion. Hence, we can compute Lip 
in terms of the afhne lattice maps L]y^y, L]j.^ y, L],^.^^, L]j^^^, and £^^ in terms 
of C\_^,^,C],^,j.,C\^..,C]y^.,. The integral lattice and dual lattice for C\_^y are 
computed using the value group 

-I^i ^ 'C[x,y,l/y\ ^ CYx.y.l/y] +<C[x,y,l/x\ C[a:,y, l/x, 1/y] 

^^'i^y C[a;,y] " 'C[x,y,l/x'\ ^ C[x,y,l/x] ' 

(5.18) 
We saw in the computation of £^1 «y)) that on {Hn—N)r\Uai = SpecC[x, y, 1/x], 
<la;> is given by (5.10) 

l-C[x,y,l/x] l-C[x,y,l/x] y C[x,y,l/x,l/y] 
C[x,y,l/x] "" C[x,y,l/x] ^ C[x,y,l/x] ' ^ ' ' 

T + Jl# ^■C[x,y]+C[x,y,l/x] ^■C[x,y,l/x] . 

Let M := J^ c[x,y,i/x] ^ c[x.y,i/x] ■ ^mce the image of the bihncar form 

^■C[x,y] + C[x,y,l/x] ^ ■ C[x,y] + C[x,y,l/x] y^ C[x,y,l/x,l/y] 



C[x,y,l/x] C[x,y,l/x] C[x,y,l/x] 

lies in Vq^ y (5.18), M is an integral lattice for (5.19). Moreover, 

r ^■C[x,y,l/x] 1 ^■C[x,y] + C[x,y,l/x]) 

[ '^[x,y,l/x\ y L[x,y,l/x\ j 

so M is self-dual. Hence, £l,^y{(lx)) = 0. This imphes that C}p^{(lx)) has no 
(Pxy} component, so the corresponding row in the first column is 0. 

On {Hn — N) n Ua^ = Spcc[2;, w, 1/z], (l^} is represented by (sec 5.19) 

I ■C[z,w,l/z] ^ I ■C[z,w,l/z] ,y C[z,w,l/z, 1/w] 
C[z,w,l/z] C[z,w,l/z] C[z,u),l/z] 
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Using the the value group 

^1 ^ C[z,w,l/il!] 

'^"<'4'« C[z,w] " C[z,w,l/z] ^ C[z,w,l/z] 



I C[z,w,l/w] C[z,w,l/w] + C[z,w,l/z] ^ C[z,u', 1/z, 1/w] 



one finds that M := ^ — J.T _ , , 'r* is an integral lattice, and M' = ^^^^ — l^r'™- i ; i'"*' 



^ (5.21) 
, and M' = ^^ 
is its dual lattice. Since the rank honiomorphisni induces 

WiCMUu,,)) = WiC)=Z/2, 

dinic(M'/M) = n implies that £^^ wiO-x}) is zero if and only if n is even. This 
implies that C}p ((l^;)) has no (Oz-ib} component if and only if n is even, so the 
corresponding row in the first column is zero if and only if n is even. 

Since (l^;) is supported on Tx (Corollary 3.5.3), the rest of the entries in 
the first column are zero. 

The entries in the second column are obtained in the same way. On (_ff„ — 
N) n J7cti = SpecC[x,y, l/x], (x) is represented by (see 5.19) 

rC[x,y,l/x] l-C[x,y,l/x] ,^ C[x,y,l/x,l/y] 
C[x,y,l/x] C[x,y,l/x] ^ C[x,y,l/x] ' ^ ' ' 

One finds that M = ^ — yj^ is an integral lattice, but and that its dual 

lattice is M' = ^'^ c'lS.V?'^'^''^ ' ^^^ dime M'/M = 1, so that Cl^^yi(x)) is 
non-zero. This implies that C}p {{x}) has a non-zero (Oxy} component, so the 
corresponding row in the second column is 1. 

On {Hn — N) r\ Ua^ = Spec[z,w, 1/z], (x) is represented by (see 5.22) 

^■C[z,w,l/z] ^-Cjz^wA/z] z^-i^ C[z,w,l/z,l/w] 
C[z,w,l/z] C[z,id,l/z] ^ C[z,w,l/z] ■ ^ ' ' 

Using the value group V^ ^ (5.21), one finds that M — t-C[^.™]+C[z,'Ba/2] 



is an integral lattice, and M' = ^^^^ — c\7w lAI'"'' ^'' ^^^ dual lattice. Then 
dime M'/M = n + 1, so £^^ wiix}) is zero if and only if n is odd. This im- 
plies that £}p^{(x}) has no (Oztv) component if and only if n is odd, so the 
corresponding row in the second column is if and only if n is odd. 

Since (x) is supported on Tx , the rest of the entries in the second column 
are zero. 

We move on to the third column. 

We saw in the computation of £^i {{x}) that on (iJ„— L)n[/<jj^ = SpecC[a;, y, 1/y], 
(ly) is given by (5.4) 

l-C[x,y,l/y] ^ l-C[x,y,l/y] ^ C[x,y,l/x,l/y] ^^ ^4) 

'C[x,y,l/y] C[x,y,l/y] C[x,y,l/y] 
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Using the value group 

, ^ C[x, y, 1/x] C[x,y,l/x] +C[x,y,l/y] C[x,y,l/x,l/y] 

^-^1'^ C[x,y] " C[x,y,l/y] ^ C[x,y,l/y] ' 

(5.25) 

one finds that - — -^^ — j-J'f' is a self-dual integral lattice, so £;^^ xii^y}) = 0- 
This implies that Cip ((ly)) has no (Oxy} component, so the corresponding row 
in the third column is 0. 

On {Hn - L) n U„^ = SpccC[x, y, l/y], {ly} is given by (see (5.24)) 

l-C[x,yMy\ l-£[x,yMy\ , €[x,yMxMy\ 
C[x,yMy] C[x,yMy] ^ C[x,y,l/y] ' ^ ' ^ 

Using the value group 

1 ^ C[x,j/, 1/x] C[x,y,l/x'\ +'C[x,y,l/y\ C[x, y, 1/x, 1/j/] 

°-'2^- C[x,y] " C[x,y,l/y] ^ C[x,y,l/y] ' 

(5.27) 

one finds that - — cb ~ i/'f ' ^® ^ self-dual integral lattice, so L\^ a;((ly)) = 0- 
This implies that >C^ ((Ij/)) has no (Oa;^) component, so the corresponding row 
in the third column is 0. 

Since (ly) is supported on TV, the rest of the entries in the third column 
are zero. 

We move on to the fourth column. 

On [Hn — L) n 1/^, (y) is represented by (sec (5.24)) 

I ■ C[x, y, l/y] ^ l-C[x,yMy-\ ^ C[x, j/, 1/x, 1/y] ^^ ^g) 



X 



yA/y\ C[x,|/, l/y] C[x,2;,l/2;] 



Using the value group V^^ .^ (5.25), one finds that M := "'^^cfit/^Vyf^'^^^ ^^ 

an integral lattice, and that M' := ^^ — ^4 , / i ' is its dual lattice. Since 

dime M'/Af = 1, we conclude that Cl^,x{{y)) ^ 0. This implies that C\,^{{y)) 
has a nonzero (Oa;j,) component, so the corresponding row in the fourth column 
is 1. 

On (iJ„ — L) r\ [/(J2, (y) is represented by (see 5.26) 

l-C[x,yMy\ ^ ^•C[x,y,l/y] x/y C[x,y,l/x,l/y\ 
C[x,y,l/2/] C[x,y,l/y] ^ C[x,y,l/y] ^ ' ^ 

Using the value group V}^^^ ^ (5.27), one finds that M := "'^^cfi^^Vyf'^'^^^ ^'^ 
an integral lattice, and that AI' := - — jjf _ . ,-!f ' is its dual lattice. Then 

dime M'/M = 1, so /I^^ xiiv}) ^ 0- This implies that £^ ((y)) has a nonzero 
(Oa;j/) component, so the corresponding row in the fourth column is 1. 

Since (j/) is supported on Ty, the rest of the entries in the fourth column 
are zero. 
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We move on to the fifth column. 

We saw in the computation of £^i ((j/)) that on (iJ„— Af)nC/o-., = C[z, w, 1/z], 
(Iz) is represented by (5.11) 

C[z,w,l/z] C[z,w,l/z] i/w C[z,w,l/z,l/w] 

^ ... ^r- ... 1 /..I -^ mr.. ... i /-I ' (5-30) 



w ■ C[z,w,l/z] w • C[z,w,l/z] C[z,w,l/z 

Using the value group 

I C[z,w,l/w] C[z,w,l/w] + C[z,w,l/z] C[z,w,l/z,l/w] 

°"<'3'"' " C[z,w] ~ C[z,w,l/z] ^ C[z,w,l/z] ' 

(5.31) 
one finds that L^'"'J+™- L^.™' /^J jg g^ self-dual integral lattice, so £l ,,,((12)) = 0. 

This implies that C]^ iO-z}) has no (Oziu) component, so the corresponding row 
in the fifth column is 0. 

On {Hn — N) n 1/^2 = 'C[x,y, 1/x], (1^) is represented by (see 5.30) 

C[x,y, l/x] ^ C[x,y,l/x] x^y C[x,y,l/x,l/y] 



yC[x,y,l/x] yC[x,y,l/x] C[x,y,l/x] 

'b 

y-C[x,yS/x 



and using the value group Vq ^ (5.27), one finds that M :— l-^'i'-l+^' i-'^'V' /^-l 



is an integral lattice, and that M' := -^ — 3?! ^ . , -j^' is its dual lattice. 
Hence, dime M'/M = n, so £^^^.^.{(1^}) = if and only if n is even. This 
implies that £y^ ((Iz)) has no (Oxy} component if and only if n is even, so the 
corresponding row in the fifth column is if and only if n is even. 

Since (Iz) is supported on Tz, the rest of the entries in the fifth column are 
zero. 

We move on to the sixth column. 

On {Hn — N) r\ U^^ = C[z,w, 1/z], <z) is represented by (see 5.30) 

C[z,w,l/z] ^ C[z,w,l/z] zjw C[z,w,l/z,l/w] 
w-C[z,w,l/z] w-C[z, w,l/z] C[z,w,l/z] 

Using the value group V^ ^ (5.31), one finds that M := '\^.c\t w i/zi ^^ 
an integral lattice, and that M' := - — ir "* , ,'?' is its dual lattice. Hence, 
dime M'/M = 1, so £^ u,((^)) ^ 0. This implies that £y ((2)) has a non-zero 
(Ozto) component, so the corresponding row in the sixth column is 1. 
On {Hn — N) n 11^2 = C[a;,y, l/x], (z) is represented by (see 5.32) 

C[x,y, l/x] ^ C[x,j;, l/x] x^^^^ly C[x,y, l/x, 1/j/] 



yC[x,y, l/x] y •C[x,2/, l/x] C[x,2/, l/x] 

Using the value group 

C[x, y, 1/y] C[x, y, 1/y] + C[x, y, l/x] C[x, y, l/x, 1/y] 



V.l 



'^--2-^ C[x,y] C[x,y,l/x] C[x,y,l/x] ' 

(5.35) 
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one finds that M = l-^-gJ+t'' }-^fi '^' is an integral lattice, and that M' = 

^^'%t2i?-]''''^''^ ^' ^*' ^^^1 1^"^^^- Then dime M'/M = n-1, so Cl^^y{(z}) ^ 

if and only if n is even. This implies that C]^ {{z}) has a non-zero (Oxy} com- 
ponent if and only if n is even, so the corresponding row in the sixth column is 

1 if and only if n is even. 

Since (z) is supported on Tz, the rest of the entries in the sixth column are 
zero. 

For the seventh and eight columns, we consider different parities of n sepa- 
rately at the outset: 

(1) When n is even : We saw in the computation of £^i {{xy}) that on 
{Hn — L) r\ t/o-3 = SpecC[z, w, 1/w], (1«>) is given by (see (5.16) and (5.17)) 

^■C[z,wMw'\ ^ ^■£.[z,wMw'\ ,"-V«,^ C[z,w,l/zMw\ 
z-C[z, w,l/w] z-C[z, w,l/w] C[2;,w,l/w] 

Using the value group 

Ciz.w.l/z] €[z,y,l/z] + 'C[z,y,l/w\ C[z,w,l/z,l/w\ 



V}. 



o. 



"S' 



C[z,w] C[2;, w, 1/w] C[z,w,l/w] 



(5.37) 

^>2 ■C[g,uj] + 2-C[2:,U',l/w] , 

one finds that -^^ j^t :rj—^ is a self-dual integral lattice, so C^ A(w}) = 

0. This implies that L\ {(w}) does not have (Ozw} component, so the corre- 
sponding row in the seventh column is 0. 

On {Hn — L) r\ U„^ = SpecC[z,w, l/w], (l^} is given by (see 5.36) 

j^ ■C[z,w, l/w] ^ j^ ■C[z,w, 1/w] ,^-K^2 C[z,w,l/z,l/w] 
z • C[z, w, 1/ui] z • C[z,?Zi, l/?Zi] C[z,w, 1/?D] 

Using the value group 

I C[z,w,l/z] C[z, w, 1/z] + C[z, w, l/w] C[z, w), 1/z, 1/w] 

°^-4'^ " C[z,tD] " C[z,w,l/w] ^ C[z,w,l/w] ' 

(5.39) 

one finds that ™ ^ ^^r ^ j^ ,^-| is a self-dual integral lattice, so C^^ ^{(1^)) 

0. This implies that C}p {{^w}) has no (Ozw} component, so the corresponding 
row in the seventh column is 0. 

Since (Iw} is supported on Tw, the rest of the entries in the seventh column 
are zero. 

We move on to the eighth column. 

On {Hn — L) n Uu^ = C[z,u', 1/w], (w) is represented by (see 5.36) 

^•C[z,w,l/w] ^ ■ C[z, w, 1/w] z-'/^ C[z, w, 1/z, 1/w] ,_^, 



z-C[z,w,l/w] z-C[z,w,l/w] C[z,w,l/w] 
Using the value group V^!, (5.37), one finds that M := ^^^^^ — ^-cu m i/u^l — 

-i,2 ■C[z,tu] + z-C[z,-u),l/to] 

is an integral lattice, and that M := ^^^^ ^^ TT—^ is its dual lattice. 
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Then dime M'/M = 1, so Cl^.^{(w}) ^ 0. This imphes that C^^i(w}) has a 

non-zero (Ozw} component, so the corresponding row in the eighth column is 1. 

On {Hn — L) r\ Ua^ = Spec €[2, w, l/w], (w) is represented by (see 5.38) 

-^ ■C[z,w,l/w] -^ ■C[z,w,l/w] ;,r^-i^ C[z,w,l/z,l/w] 
z ■ C[z,w,l/w] z ■ C[z,w,l/w] C[z,w,l/w] 

Using the vahic group V^^^ ^ (5.39), one finds that M := -^^ z-cFz w i/w] 

is an integral lattice, and that M := ™ ^ ^^r^ ^ ^,^-, is its dual lattice. 

Hence, dime M'/M = 1, so £l,^.^{(w}) 7^ 0. This implies that £^ {{w}) has a 
non-zero (Ozw} component, so the corresponding row in the eigth column is 1. 

Since (w} is supported on Tw, the rest of the entries in the eighth column 
are zero. 

(2) When n is odd : We saw in the computation of £^1 {(y}) that on (i/„ — 
L) n C/^3 = C[z, w, 1/w], (!«,) is represented by (see (5.8) and (5.9)) 

^■C[z,w,l/w] ^ ^■C[z,w,l/w] z-j^^ C[z,w,l/z,l/w] 
C[z,w,l/w] C[z,w,l/w] C[z,w,l/w] 

1 / \ ^ — +11/2 •C[z,u']+C[z,to,l/w] 

Using the value group V^i, ^ (5.37), one finds that ^ ^^r ^ j^ , -. is 

a self-dual integral lattice, so £^g ^((^i')) = 0. This implies that £y ((w)) has 
no (Ozw") component, so the corresponding row in the seventh column is 0. 
On {Hn — L) r\ U^^ = SpecC[z, w, l/w], {^w) is given by (see (5.42)) 

^■C[z,w,l/w\ ^ ^-Cjz.wMw] z-_^- C[z,u;,l/z,l/u;] ^^ ^^^ 

C[z,iZ), l/w] C[z,it;, l/i«] C[z,w,1/iD] 

[2:,lt)]+C[z,tD,l/tD] 



Using the value group Vq^ ^ (5.39), one finds that ^'"+^>'''^^^ ^ ^ 

is a self-dual integral lattice, so L\^ z((l«))) = 0. This implies that £^^«1^)) 
has no (Ozts) component, so the corresponding row in the seventh column is 0. 
On (Hn — L) r\ Ucr^ = SpecC[z, w, 1/w], (w) is given by (see (5.42)) 

jz ■ C[z, w, 1/w] -^ ■ C[z, w, l/w\ z-^/w C[z, w, l/z, l/w\ 



{z,w,l/vj\ C[z,w,l/w] C[z,w, l/ui] 



C[Z,MI,1/' 



Using the value group V^ ^ (5.37), one finds that M := ^^ 

—7 — -4^iW2 •C[z,tj;]+C[z,w,l/m] 

is an integral lattice, and that M := ' „r ,^^1 is its dual lattice. 

Hence, dime M'/M = 1, so C],^.,{{'w)) 7^ 0. This implies that C\. {{w}) has a 
non-zero (Qzw) component, so the corresponding row in the eighth column is 1. 

On {Hn — L) r\ Ua^ = SpecC[z, w, l/w], (w) is given by (see (5.43)) 

^ • C[z, w, 1/w] ^ -^ ■C[z,w,l/w] zy C[z,iu,l/z,l/id] 



[z,w,l/w] C[z,w,l/w] C[z,w,l/w] 
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1 / \ ~( — +1V2 •'C[js,lD]+C[2:,tD,l/tD] 

Using the value group V^^ ^ (5.39), one finds that M := -^^ — cFz w i/w] 

—7 — I iW2 - •C[2:,tf;]+C[2:,')I'.l/w] 

is an integral lattice, and that M := ^ ™„r — _■.,_-, ^ is its dual lattice. 

Then dime M'/M = 1, so /:;^^^2«i(;» 7^ 0. This implies that £^^«u;» has a 

non-zero (Ozw} component, so the corresponding row in the eighth column is 1. 

Since (w) is supported on Tw , the rest of the entries in the eighth column 

are zero. D 

Remark 5.0.9. The matrix representation for (P^i can also be deduced from 
Schmid's result [16] that the canonical map 



VK(pi;Opi(n))^ W W{x) 



a;ePi(i) 



is given by the second residue homomorphism (Theorem 1.2.1) at x ^ oo, and 
by the first (resp. second) residue homomorphism at x = CO if n is odd (resp. 
even). 
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Chapter 6 

Cohomologies 



Now that we have seen the quasi-isomorphism between the toric complex (4.3) 
and the Gersten-Witt complex (4.2) of _ff„, we compute cohomologies using the 
former. We will see that they are cohomologies of the Witt sheaf U i-^ W{U) 
on Hn- 



We first verify that dj^^ o 


< = 


= 0. Next, to 


compute the cohomologies 


, we 




put the matrices into Smith normal forms^ : 
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<a;> 


<y> 


<xy} 
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<x> 
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(xy) 
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dl 


^ < 


0.a> 
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"«odd 
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0.y> 
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o.„> 
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1 











/ 







-"^Thcy arc computed using a Mathcrnatica package IntegerSmithNormalForm from http: 
//library . wolfram . com/inf ocenter/MathSource/682. 
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Therefore we have 



dime kcr djj 


= 1, 


dime id d-H = 3 


dimckerd^^^^^ 


= 5, 


dinirkerdrr = 

-"odd 


dimcimd^^^^„ 


= 3, 


dimr im dl, = 

-"odd 


which we conclude that 







i/°(>V(i/evc„)) = Z/2, ifl(>V(i/evc„)) = W^f , H^{W{H,^,n)) = Z/2, 

if°(W(Hodd)) = Z/2, ifi(W(Hodd)) = Z/2, i7-2(>V(Hodd)) = 0. 

Note that 

kerd5f„ = H^{W{Hn)) = Z/2 Vn e Z. (6.1) 

Fcrnandez-Carmena [4, 3.4] showed that the Witt group of a complex surface is 
a birational invariant, so that 

W{H,,) = W(Vl) = Z/2 Vn e Z. 

On the other hand, since the rank is a local invariant, the localization map 

WiH„) ^ WiHr,,,) = T{Hn,W%H„)), 

where rj e iJ„ is the generic point, is an injection. By (6.1), we have 

WiH„) = H\W{H^)). 

By the Purity Theorem [11], W* is a resolution of the sheaf U i-^ W{IJ) on iJ„. 



Appendix A 

Technical lemmas 

We first note a useful Icnima, which is easy to prove: 
Lemma A. 0.10. Let M,N,V be A-modules, and 

(t>:M X N ^V 

an A-bilinear pairing. If 

a.d(t>: M ^ UouiAiN, V), ad^ : iV ^ HomA(M, V) 

are the adjoints, then 

ad(^ = Hom(ad^ (/), y) o pjv^, ad^ = Hom(ad(?!), y) o pjv, (A-l) 

where 

Hom(ad (j), V) : Hom^ (M, V) ^ Hom^ (Hom^ (N, V),V), 
Hom(ad^ </), V) : RomAiN, V) ^ HomA(HoniA(M, V),V), 



PM-M -^ HomA(HomA(M,y),y), 
PN-N -^ HomA(HomA(iV,y),F) 

are the canonical maps. 

Note that if pM and pN are isomorphisms, then ad </> is bijective if and only 
if ad' (p is bijective. 

Now let A := C[x,yl V^ := ^^^§^ . and denote (-)* := Hom^(-,T/i). 
Pardon proved the following : 

1. If M e CM\[^A), then M* e CM\[^A) [14, 1.13]. 
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2. M e CM.y{A), then the canonical map 

PM-.M^M** 
is bijective [14, 1.17]. 

3. If 

^ M' ^ M ^ M" ^ 

is an exact sequence in CAl (A), then the induced sequence 

^ (M')* ^ M* ^ (M")* ^ 
is exact [13, 1.6c]. 

4. If M e CMl{A) and A^ c M is a submodule, then N e CMI{A) [14, 1.19]. 
Lemma A.0.11. Let M, N e CMI{A), and 

(jy-.MxN^V^ 
a bilinear pairing. Then the following are equivalent: 

1. (j) is nonsingular. 

2. ad (j) is bijective. 

3. ad' (/) is bijective. 

4. ad(/) and ad' cj) are injective. 

Proof. (1)^(2)^(3) follows from bijectivity of pM ■ M -^ M** . (1)^(4) is 
obvious. 

(1)<^(4) : Suppose that ad (p and ad' are injective. Applying Hom^(— , V^^-^) 
to the short exact sequence 

-^ M ''-i* A* ^ N*/M -^ 

gives an injection 

CMl{A) 3N = N** ^ {N*/M)*. 

Hence, {N*/M)* e CMI{A). Then N*/M = {N*/M)** e CMI{A), so there 
is an exact sequence 

^ M* ^"i^^* N** ^ (NyMf ^ 0, 

so (ad^)* is surjective. Since ad' (j) = (ad0)* o p^ and pj^ is bijective, ad' <j) is 
surjective. A similar argument shows that ad(f> is surjecive. D 
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Lemma A. 0.12. Let M e CMI{A), N ^ M a suhmodule such that M/N e 
CMliA), and 

4):M X M ^Vy 

a nonsingular symmetric A-bilinear form,. Then M/N-^ e CA4y{A), and N = 
N-^-^ . Moreover, the induced pairings 

a:Nx M/N^ -^ V^ , /3 : N^ x M/N -^ V^ 

are nonsingular. 

Proof. Let 

ad ^ : iV-L ^ RomAiM/N, V^), ad^ /3 : M/N -^ RomAiN^, V^) 

be the adjoints of /3. There is a commutative diagram 

M "t!' > HomA(Af, Vy^) 

A 

N^ - -^RoiaAiM/N,VJ) 

Bijectivity of ad (j) imphcs that ad l3 is bijective, so 

Hom(ad/3,t/^) : {N^f ^ {M/N) 



** 



is bijective. By (A.l), ad' (3 is then bijective. In particular, injcctivity of ad' /3 
imphes that N-^-^ c N. Since N cz N-^-^, we have N = N-^-^. 
Now 

ad^ a : M/N^ -^ HomA(A, V^) 

is clearly injective, so M/N-^ e CAiy{A). Hence, we can apply the same argu- 
ment as above with N replaced by N-^ to conclude that ad a is bijective. D 

The modules in CAiy{A) do not necessarily have finite length. However, 
if M e CAiy{A) is C[x]-torsion-free, then one can define a notion similar to 
length; y'^'^M/y'^M is a free module of finite rank over C[a:;], so there is a finite 
chain of submodules 

M = M" 3 ikfi 3 Af 2 3 • • • 3 M" = 0, 

where M^M^'^ =^ C[x]. We then define iy{M) := n. Note the following: 

• £y is an additive function on C[a;]-torsion-frce modules in CAiy{A). 

• M^M'-'^ e CMliA), and it is C[a;]-torsion-free. 

• li M e CMUA) is C[a;]-torsion-frec, then so is M*. 
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Lemma A. 0.13. Let M e CMI{A) be C[x] -torsion-free. If N cz M is a 
submodule, then M/N e CMI{A). 

Proof. It is clear that M/N is C[a;]-torsion-frce. Hence, depth^(M/7V) ^ 1, so 
M/N ^ CM\j{A) implies that M/N has dimension 2, i.e., it is of finite length. 
Then it is killed by a product of maximal ideals of the form (a;— a, y—b) a C[x, y], 
contradicting the C[a:;]-torsion-freeness. D 

Lemma A.0.14. If M e CMUA) is C[x]-torsion-free, then £y{M) = ly{M*). 



Proof. Let iy{M) = n, so that there is a chain of submodules 

M = M° ^ M^ => M^ 3 • • • 3 M" = 

such that M^/M^~^ ~ C[x]. We prove by induction on n. There is a short 
exact sequence of modules in CAiy{A) : 

^ M/M^ ^ M ^ M^ ^0. 

Taking Hom^(— ,yj^) gives an exact sequence [13, 1.6c] 

-^ {M/M^Y -^ M* ^ (M^)* -^ 0. 

Note that as a C[a;, j/]-module, M/M^ = C[x] is killed by y. Hence, the image 
of any homomorphism M/M^ -^ Vy lies in (0 : y)v^ = Vr^ \ — C[x]. Hence, 
(M/M^)* - C[x], so iy{{M/M^)*) = 1. Then by the additivity of £y and the 
induction hypothesis. 



ey{M*) = 1 + lyiiM^) = 1 + (n - 1) = n = lyiM). 

Lemma A. 0.15. Let Me CM.y{A) be C[x] -torsion-free, and 

(J): M X M ^V^ 
a nonsingular symmetric bilinear form. If N cz M is a subspace, then 

iy{N)+ty{N'-)=iy{M). 

Proof. By Lemma A. 0.12, the induced pairing 

N X M/N^ -^ V^ 
is nonsingular, so TV 2^ (M/iV^)*. Hence, by Lemma A.0.14, 

£y{N) = iy{{M/N^Y) = ty{M/N^) = ly{M) - iy{N^). 



U 



u 
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Lemma A. 0.16. LeA M e CXj(A) he iC[x\-torsion-free, 

(j): M X M ^Vy 

a nonsingular symmetric bilinear form, and N cz M is a totally isotropic sub- 
space. 

1. 2 • iy{N) ^ ty{M), and equality holds if and only if N is orthogonal, i.e.. 



/V-L 7V-L 


-K' 


X 


N N 


V 



2. The induced bilinear form 



is nonsingular. Moreover, if M has an orthogonal submodule, so does 

N^/N. 

Proof (1) : Since N c N-^, iy{N) ^ (.y{N^). Hence, by Lemma A.0.15, 

2 • ly{N) < ly{N) + iy{N^) = ly{M). 

So 2 • iy{N) = iy{M) if and only if iy{N) = ly{N^), i.e., if TV = iV-^. 

(2) : Since N^/N e CM]^{A) by Lemma A. 0.13, to prove nonsingularity of 
(j), it suffices to prove injectivity of ad ^. But this is clear from iV "'""'" = A^. 

Now suppose that iiT c M is an orthogonal submodule. Let A be the set 
of totally isotropic submodules containing N , and 5* G A a maximal element. 
We will show that S" c M is an orthogonal submodule. This implies that 
S/N d N-^/N is an orthogonal submodule, completing the proof. 

First assume that S ri K = 0. Since S is totally isotropic, 2 • £y{S) ^ iy{M) 
by the first part of the proof. We will show that this is in fact an equality. 
Suppose, by way of contradiction, that 2-£y{S) < £y{M). Since K is orthogonal, 
iy{MWittclass) = 2-ly{K) by the first part of the proof. Hence, ly{S) < £y{K), 
and by Lemma A.0.15, 

^y{S^) = ^y{M) - £y{S) > £y{M) - £y{K). 

Hence, £y{M) < £y{S^) + £y{K), and this implies that S^ r^ K ^ 0, so there 
exists a non-zero element m e S^ n K . Since S r\ K = Qhy assumption, m ^ S. 
Since m e K and K = K-^, tp{m,m) = 0. Hence, S + (m) c: M is a totally 
isotropic submodule strictly containing S, contradicting the maximality of S. 
Hence, 2 • £y{S) = £y{M), so S* c M is an orthogonal submodule by the first 
part of the proof. 

Now for the general case, let J := S n K . Then J c; M is a totally isotropic 
submodule, so there is an induced bilinear form 



^p-.J-^/Jx J^/J^V^. 



62 



APPENDIX A. TECHNICAL LEMMAS 



We have shown that this is nonsingular. Note that 



JcS-c^-^c J-L, 



J ^ K = K^ ^ J^. 



S/J cz J-^/J is maximal among totally isotropic submodulcs of J-^/J. Moreover, 

(S/J) n {K/J) = c J^/J, 

so by the previous case, S/J c J^ /J is an orthogonal submodulc. Hence, by 
Lemma A.0.12, the induced pairings 



a : J X M/J^ -^ Vy, 



13: S/J X 



J^/J 
S/J 



V^ 
^y 



are nonsingular. We will show that the pairing 

7 : 5 X M/S -^ V^ 

is nonsingular, which implies that S = S*^. 
There is an exact sequence 







J^/J M M 



S/J S J-L 
Taking HomA(— , Vj^) gives a commutative diagram 

-* S/J -^ S -* 



J^ 



0-^ 



{{j^/j)/{s/j)Y 



ad 7 

■ {M/S)* 



ad a 



{M/J 



±\* 



where the rows are exact. Hence, ad 7 is bijectivc, which implies that 

ad^ 7 : M/S -^ Hom^(5, V^) 
is bijective. In particular, injectivity of ad' 7 implies that S = S . 



U 



Remark A. 0.17. From, the proof of Proposition 3.5.2, we know that there is 
an isomorphism 

\/y : W{^\x\) ^ WiCMl^yA)). (A.2) 

Hence, every element ofW(CM^AA)) can he represented by a C[x]-torsion-free 
module. Lemma A. 0.16(2) and Lemma 3.4-3 then suggests a way to obtain an 
inverse map of (A.2); let [iV, -0] e W{CAiy{A)), where N is C[x] -torsion- free, 
and y^N = Q for some k ^ 1. If k = 1, then N is a C[x]-module, and the image 
of '0 lies in the image of the embedding 






r -I 1/y 'C[x,y,l/y] _ . 
^^ C[x,y] -^^ 



x,y],v' 
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Hence, [N,y- ip] e W{C[x]). If k ^ 2, then 2k-2^ k, so y^-'^N <^ N is a 
totally isotropic suhmodule, and ttiere is an induced form 

/ fc — 1 A r\ _L — 

By Lemma A. 0.16(2) and Lemma 3.4-3, [N,^] = [ fc-ijv '"'/']■ Note that now 

we have y^^^ ■ fc-ijv ~ ^- H^^ce, by repeating this procedure, we will end up 
with the k = 1 case above. 



64 APPENDIX A. TECHNICAL LEMMAS 



Bibliography 



[9 



[10 



[11 



[12' 



Paul Balmer and Charles Walter. A Gersten-Witt spectral sequence for 
regular schemes. Annates Scientifiques de I'Ecole Normale Superieure, 35, 
2002. 

H. Bass. On the ubiquity of gorenstein rings. Math. Zeitschrift, 82:8-28, 
1963. 

W. Bruns and J. Herzog. Cohen- Macaulay Rings. Cambridge Studies in 
Advanced Mathematics. Cambridge University Press, 1998. 

F. Fernandez-Carmena. On the injectivity of the map of the Witt group of 
a scheme into the Witt group of its function field. Math. Ann., 277:453-468, 
1987. 

W. Fulton. Introduction to Toric Varieties. Princeton University Press, 
1993. 

W-D Geyer, G Harder, M Knebusch, and W Scharlau. Ein residuensatz 
fiir symmetrische bilincarformen. Inventiones math., 11:319-328, 1970. 

M. Karoubi. Localisation de formes quadratiques, ii. Ann. Sci. Ec. Norm. 
Sup., 8:99-155, 1975. 

M. Knebusch. Symmetric bilinear forms over algebraic varieties. Queens 
papers in Pure and Applied Mathematics, 46:103-284, 1977. 

Tsit-Yuen Lam. Introduction to quadratic forms over fields, volume 67 of 
Graduate Studies in Mathematics. American Mathematical Society, 2005. 

J. Milnor and D. HusemoUer. Symmetric bilinear forms, volume 73 of 
Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer- Verlag, 1973. 

M. Ojanguren and I. Panin. A purity theorem for the Witt group. Ann. 
Scient. Ec. Norm. Sup., 32:71-86, 1999. 

W. Pardon. The exact sequence of a localization for Witt groups. SLN, 
551:336-379, 1976. 

65 



66 BIBLIOGRAPHY 

[13] W. Pardon. A relation between Witt groups and zero-cycles in a regular 
ring. SNL, 1046:261-328, 1984. 

[14] W. Pardon. The filtered Gersten-Witt resolution for regular schemes, http: 
//www. math. uiuc. edu/K-theory/0419/f iltgw.pdf , 2000. preprint. 

[15] A. A. Ranicki. Algebraic L-thcory. Comm. Math. Helv., 49:137-167, 1974. 

[16] M. Schmid. Wittringhomologie. PhD thesis, Uni. Regensburg, 1998. Dis- 
sertation. 

[17] D. W. Sharpe and P. Vanios. Injective Modules. Cambridge U. Press, 1972. 

[18] R. Swan and E.G. Evans. K-theory of finite groups and orders. SLN, 149, 
1970. 

[19] Y. Takeda. On the X-groups of spherical varieities. Osaka J. Math., 35:73- 
81, 1998. 



m 

o 

(N 

Oh 
< 

in 






(N 
> 

00 

m 

o 



X 



Gersten-Witt Complex of Hirzebruch Surfaces 



Hyeongkwan Kim 
2013 



Chapter 1 

Introduction 



We will first review some basic definitions of symmetric bilinear forms, and 
define Witt groups of fields, rings, and schemes. In Section 1.3, we introduce 
the notion of the Gersten-Witt complex of a scheme. We will see that for certain 
class of schemes with nice geometric properties, the Gersten-Witt complex is the 
global section of a Basque resolution of a Witt sheaf on the scheme. We will see 
how its cohomologies can be computed easily if the scheme is a complex toric 
variety. 

1.1 Symmetric bilinear forms over a field 

Let fc be a field with charfc 7^ 2. A symmetric bilinear form over k is a map of 
the form 

(j):V xV ^k, 

where T^ is a finite-dimensional fc-vector space, such that 

(j){v,w) = (j){w,v), 
(j){v + v',w) = (j){v , w) + (l){v' , w) , 
(j)(av,w) = a(f>(v,w), 

for every a e k and v,v',w e V. We will denote the form by {V,(j)). It is 
nonsingular if the induced map 

ad (/) : F ^ Hom(y, k) 

is bijective, and anisotropic if (j)(v^v) = implies w = 0. 

Two bilinear forms (V, </>) and {W, ip) are isometric if there is an isomorphism 
of vector spaces f -.V ^ W such that the diagram 

V X V — — s-fc 

fxf 
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commutes. 

If VF c T^ is a subspace, we define its orthogonal complement 

W-^ ■= {veV \ (j){v, w) Vw 6 T4^} . 

If VF cz PF-*-, then W is totally isotropic^ and if T4^ = W-^ ^ then W is orthogonal. 
There is a dimension equation [9, 1.3], 

dim VF + dim VK^ = dim K (l.I) 

A nonsingular form {V, (f)) is hyperbolic if V has an orthogonal subspace, or 
equivalently, a totally isotropic subspace of half the dimension (by (1.1)). 

Every symmetric bilinear form over k can be represented by a symmetric 
matrix M, and it is nonsingular if and only if det M t^ 0. The forms represented 
by matrices M and M' are isometric if and only if there is a nonsingular matrix 
Q such that M' = QMQ^. Every symmetric bilinear form over k can be 
diagonalized by such a transformation. 

The hyperbolic form of dimension 2 is called the hyperbolic plane. It is 
represented by a matrix 

■ 1 
1 

which diagonalizes to (recall our assumption that 2 6 A is a unit) 

1 \ / 1 1/2 \ / 1 \ / 1 1 

-1 J \ 1 -1/2 J \ I J \ 1/2 -1/2 

It can be shown that every hyperbolic space decomposes into a direct sum of 
hyperbolic planes [9, 3.4(1)]. 

1.2 Witt groups 

1.2.1 Witt group of a field 

Let k be as defined above, and let Q{k) be the set of isomctry classes of nonsin- 
gular symmetric bilinear forms over k. Q{k) is a semigroup, where the addition 
is defined by the orthogonal sum, 

[V, 0] + [W, i!\ = [V®W,(t>®ilj\. 

The Grothendieck group of Q{k) modulo the subgroup generated by hyperbolic 
forms is called the Witt group of k, denoted by W{k). By the diagonalizability, 
every element of W{k) can be represented by a finite sum of unary forms 

<ai> + <a2> H h (or), 

where oi , . . . , a^ e fc ^ . Quotienting by hyperbolic forms allows one to write 

(-a) = -(a)eW{k). 
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Furthermore, it is a consequence of Witt decomposition theorem [9, 4.1] that 
every element of W{k) can be represented by an anisotropic form. 

Note that the isometry relation implies {a^} = (1). 

Let us look at some examples. The signature map and the dimension map 
respectivly induce isomorphisms [9, p. 41-42] 

W(R) ^ Z, W{C) ^ Z/2. 

If p 6 Z is an odd prime, the Witt group of the finite field Fp is given by^ [9, 

p. 45] 

I'(Z/2Z)2 if p=l(mod4), 

IZ/4Z if p = 3(mod4). 



W(¥p) 



The Witt group of the rationals is given by [9, p. 175] 

iy(Q) 2^Z©Z/2©]jT4^(Z/pZ). (1.2) 

We will see that this is derived from the Gcrstcn-Witt complex of SpecZ (1.4). 

We will come back to this later, but for now it suffices to say that the 
Gersten-Witt complex is largely an attemp to generalize this isomorphism to 
schemes. 

For future reference, we state a theorem by Springer and Knebusch [10, 
p. 85]: 

Theorem 1.2.1. Let A be a discrete valuation ring with maximal ideal m and 
quotient field F, where char(A/m) ¥=2. If tt e A is a generator of m and i = 1 
or 2, there is a unique homomorphism 



such that 

if J # i (mod 2), 
if j = i (mod 2). 

Note that (7j depends on the choice of the generator tt, while of doesn't, of 
and 82 are called the first and second residue homomorphism, respectively. 

1.2.2 Witt group of a ring 

The Witt group can be similarly defined for a ring A in which 2 is a unit. The 
finite-dimensional fc-vector spaces are replaced by finitely generated projective 
A-modules, the rank of projective modules replacing the dimension of vector 
spaces. The definition of nonsingularity remains the same (i.e., bijectivity of 
the adjoint). Instead of quotienting the Grothendieck group associated with 




^W{k) admits a ring structure induced by tensor product, but we won't need this in this 
paper. 
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the semigroup of nonsingular symmetric bilinear forms by hyperbolic forms, 
we quotient by a larger class of forms called lagrangians^ : if M is a finitely 
generated projective A-module, a nonsingular symmetric bilinear form 

(t): M X M ^ A 

is called a lagrangian if there is a direct summand N (^ M such that 4'\nxN = 
and the induced pairing 

N X {M/N) -^ A 

is nonsingular (i.e., both adjoints are bijective"^). The submodule N is called a 
suhlagrangian. As in the case of hyperbolic spaces, (M, <j)) is a lagrangian if and 
only if M has an orthogonal direct summand, or equivalently, a totally isotropic 
direct summand with half the rank of M [8, Corollary 2, ii]. 

The hyperbolic form still plays a role, mainly due to its useful properties 
(e.g., (1.2.2) below). Let us first generalize hyperbolic forms in the context of 
finitely generated projective modules. If M is a finitely generated projective 
A-module and M* := Hom(M, A), the hyperbolic form associated with M is 
defined to be a symmetric bilinear form 

(f): {M®M)* X {M@M*) -^ A 

induced by the canonical pairing M x M* — > A, and requiring that 

4>\mxM = 0, 0|m*xM* = 0. 

The reflexivity of finitely generated projective modules ensures its nonsingular- 
ity. Note that if pM : Af -^ Af ** is the canonical map, (M, (f) can be represented 
by the "matrix" 

;„ "r ) ■ <") 

Pm is an isomorphism because M is finitely generated projective. Hence, if M 
is free, then (1.3) is isometric to a direct sum of the hyperbolic planes, 

1 

1 

Thus our definition of hyperbolic form agrees with the previous one over fields. 
Note that the submodule M cz M @ M* is a suhlagrangian, since the canonical 
pairing 

M X M* ^V 

is nonsingular by the reflexivity of finitely generated projective modules. Hence, 
every hyperbolic form is a lagrangian. 

We note a useful lemma that we will be needed later: 



■^Knebusch[8] uses the term "metabolic space" for our lagrangian, "split metabolic space" 
for our hyperbolic form, "lagrangian" for our sublagrangian, and "sublagrangian" for our 
totally isotropic space. 

■'in fact, the reflexivity of finitely generated projective modules implies that one adjoint is 
bijective if and only if the other is. 
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Lemma 1.2.2. If {M,4>) is a nonsingular symmetric bilinear form, then the 
form (M (B M,(j)®(—(f))) is isometric to the hyperbolic form associated with M. 

Proof. Let 

A := {(m, to) e M © M I m e M} , N := {(to/2, -to/2) e M © M | m e M} . 

Clearly A, A^ ^^ M, A n N = {0}, and the isomorphism 

M@M ^ A + N, {m,m')^ {m + to/2, to' - to72) 

establishes an isomctry between (M © M, © (-</))) ^ (A © iV, (/) © (-(/i)) and 
the hyperbolic form associated with M. D 

Let us look at some examples. The signature map induces an isomorphism 
W^Z) ^ Z [10, p. 23], and there is a split short exact sequence [9, p. 175] 

-^ W(I.) -^ W{Q) -^ (Z/2) © U W(I./pZ) -^ 0, (1.4) 

which gives rise to the isomorphism (1.2). The split exactness of (1.4) is a 
consequence of the Hasse-Minkowski principle applied to the global field Q. 
More generally, if we use a Gorcnstcin ring A of dimension n instead of Z, we 
can construct a complex of the form 

O^W{A)^ U W{k{p))^---^ U W{k{p))^0, (1.5) 

htp = htp=ri 

where k(p) is the residue class field at p e Spec A. However, (1.5) is not exact 
in general. As we shall see, (1.5) is the Gersten-Witt complex of Spcc^, and 
Pardon [14, 5.1] proved that it is exact if A is a regular local ring and is of 
essentially finite type over a field of characteristic different from 2. 

1.2.3 Witt group of a scheme 

Knebusch[8] defined the Witt group of a scheme {X,Ox), whose elements are 
represented by symmetric bilinear forms 

(f>:MxM^Ox, 

where A^ is a locally free sheaf of Ox-niodules. The definition of nonsingularity 
remains the same as in the affine case (i.e., both adjoints are bijective), but 
the sublagrangian is no longer required to be a split subniodule. In fact, sub- 
lagrangians always split for affine schemes [8, p. 134], so this definition agrees 
with the earlier one. The criteria for a sublagrangian is thus an orthogonal 
submodulc, or equivalently, a totally isotropic subniodule with half the rank 
[8, Corollary 2ii]. Moreover, the rank of a totally isotropic submodule cannot 
exceed half the rank [8, Corollary 2i]. 
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1.3 Gersten-Witt complex 



The Gersten- Witt complex of a scheme X of dimension n is a complex of the 
form 

where k{x) is the residue class field at x e X, and X'Jp'^ c X is the subset of 
codimension p points. A main challenge in constructing such a complex is to de- 
fine canonical boundary maps dP . The second residue homomorphism (Theorem 
1.2.1) depends on the choice of the uniformizer, so it cannot be used directly. 
Several authors constructed the complex using different methods, such as spec- 
tral sequences [1], the module of differentials [6, 16], and the canonical sheaf [14]. 
In the latter, using the analogues of Quillen's localization sequence of X-groups 
[18, 8.4], Pardon constructed the Gersten-Witt complex of a Gorenstein scheme, 
and showed that it is acyclic if the scheme is the spectrum of a regular local ring 
essentially of finite type over a field with characteristic different from 2. This 
implies the existence of a flasque resolution W* {X) of a Witt sheaf of a regular 
scheme X of finite type over k, whose cohomologies furnish us with a new set 
of invariants for the scheme X. 

Computing cohomologies of the Gersten-Witt complex is difficult in practice, 
because it involves Witt groups of residue class fields at all (possibly infinitely 
many) points of the scheme. On the other hand, if X is a complex n-dimensional 
toric variety, then X is filtered as 

X = X° 3 X^ => • • • => X" 3 X"+i = 0, 

where X'P—X'''^^ is a disjoint union of (n— p)-tori, SpecC[xi, l/xi, . . . , x„_p, l/x„_p]. 
Takeda [19] showed the Gersten-Witt complex of X-groups is quasi-isomorphic 
to a complex of iiT-groups of coherent sheaves of tori. We will show that the 
same result holds for Witt groups. The Witt group of the n-torus is known; for 
example [7, 15], 

W{C[xMx-\) = (Z/2)2, (1.6) 

W{C[x,yMxMy\) = {1/2^. (1.7) 

Hence, the quasi-isomorphic complex would consist of a finite number of Witt 
groups which are finite-dimensional vector spaces, and its cohomologies arc much 
easier to compute. Using this method, we will compute cohomologies of the 
Gersten-Witt complex of the toric variety Hirzebruch surface _ff„. Specifically, 
the Gersten-Witt complex of i/„ is given by 

0^ U W{k{x))^ W W{k{x))^ Y[ W{n{x))^Q, (1.8) 

a;Gfl-4"' xeffi^' xeffi^' 

and we will show that it is quasi-isomorphic to a complex of the form 

- W{Hr, - Hi;) S W{Hl - Hi) "h W{Hl) - 0, (1.9) 
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where H^ is the closure of codimension p orbits of the torus action, 
Hn= H^ZD iJ„ 3 i7„ 3 iJ„ = 0, 

and iJP — H'^^^ is a finite union of (n — p)-tori. 

The rest of this paper is organized as fohows: 

In Chapter 2, we will review Pardon's construction of the Gersten-Witt 
complex of Gorenstein schemes. 

In Chapter 3, we will introduce the Hirzebruch surface if„, and construct a 
toric complex which is quasi- isomorphic to the Gersten-Witt complex of _ff„. 

In Chapter 4, we will prove the quasi-isomorphisni. 

In Chapter 5, we will compute the boundary maps of the toric complex. 

In Chapter 6, we will compute cohomologies of the toric complex, and find 
that 

//0(>V(i/„)) = if"(>V(i/„))=Z/2 VneZ, 

but 

H\yV'{H,^,^))^H\W{H,A^)) for i = 1,2. 
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Chapter 2 

Witt groups with 
coefficients 



To construct a canonical Gersten-Witt complex of a Gorenstein scheme X, 
Pardon[12] extended the notion of Witt group so that the bilinear forms take 
values in certain sheaves of Ox-modules. In this section, wc will review his 
construction. 

Let X be a scheme of dimension n, and C a coherent sheaf of Ox-modules 
with an injective resolution 

O^C^ £° ^£^ ^£^ ^ > £" ^ 0, 

where £^ = U^^xm hE{k{x)), E{k{x)) is the injective hull of the residue class 
field at x viewed as a constant sheaf on i, and i : x ^^ X is the inclusion. 
Such C is called a canonical sheaf iov X [3, Chapter 3]. It is unique up to tensor 
product with a locally free sheaf of rank 1. Not every scheme admits a canonical 
sheaf, but every regular scheme does, and Ox is a canonical sheaf in such case. 
Henceforth, unless otherwise stated, we will assume that X is a regular scheme. 
Set yP :=kerdP. 

Definition 2.0.1. CAi^^X) is the category of CM Ox-modules of codimension 

P- 

Q(CA4P{X);C) is the category of isometry classes of nonsingular symmetric 
bilinear forms 

(p:MxM^VP, 

where M e CM^{X). {M,(j)) e Q{CAi^{X)]C) is called a lagrangian if there 
is a submodule J\f (z M such that N,M/N e CM^{X), <f)\j\fxj\f = 0, and the 
induced pairing 

N X {M/N) -^ V^ 

is nonsingular. 

11 
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Q{CAi^{X);C) is a semigroup, where the addition defined by the orthogonal 
sum. The corresponding Grothendieck group modulo the subgroup generated 
by lagrangians is denoted by W{CM^{X);C). 

CA4"'{X) is the category of sheaves of Ox-modules of finite length, and 
CM'^{X) is the category of coherent sheaves of locally free Ojf-modules. Hence, 
WiCM^{X);Ox) is the Witt group W{X) defined by Knebusch [8]. Based on 
this observation, we will use the notation 

W{X;C) ■.= W{CM"{X)-C), 

and if Ox is used as the canonical module, we will suppress it: 

W^(CMP(X)) := W{CMP{X);Ox) 

Now we will construct the so-called lattice map, 

C?: W T4^(CMP(X,);C,)-^T4^(CMP+\X);C). 

Definition 2.0.2. Ij x e X, let i^ : x ^^ X be the inclusion map. Suppose that 
for each x e X^^', we are given [Mx,(p] e W{Xx;Cx)- Let 

(f> ■= Yi *a;*'/'x, TV := Y[ ^x*Mx, 

xgXM xeXM 

where the Ox,x-'module M^ is viewed as a constant sheaf on x. An Ox-submodule 
M <^ Af is called a lattice if M e CM^iX) and Mx = M^ \/x e X^p'> . The 
lattice is integral with respect to (j) if (j)(Ai x Al) c V^. If Ai is an integral 
lattice for (Af ,((>), its dual lattice is an Ox-module Ai' defined for each affine 
open subset U (z X by 

M'{U) = {neAf{U) \ (f>{U){n,M{U)) czVP{U)} . 

If Ai is an integral lattice for {Af, r) and Ai' is its dual lattice, there is a 
well-defined bilinear form 

M M 

given by (f>(fh 1,1712) = (iP((/>(TO']^, m'j)) for each affine open subset U c X. 
Pardon[14] proved that there is a well-defined map 

C^: U WiCMPiX,);Cx)-^WiCMP+\xy,C), [Af,^]^[M'/M,^]. 

xeX'p) 

Unfortunately, the integral lattice does not exist in general. To get around this 
problem. Pardon relaxed the condition 7M e CAi^{X) to a weaker condition 
Al e 5f (X), where Sf{X) is the category of coherent sheaves of Ojsf -modules 
A^ of codimcnsion p such that 

depthgi Alj. 5: minjz, dimc)^ ^ A^a,} 'ixeX. 
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He then proved the existence of an 5f -lattice. There is an inclusion CAi^{X) a 
Sf{X), which is an equality if dimX ^ p + i. Hence, if dimX = 2, then 
CA4^{X) = 5f (X), so CM lattice always exists in this case. 

Pardon's original proof [14, 3.12] contains an error, which prevents its ap- 
plication to non-affine schemes. Here we include a proof which works for any 
Gorenstein schemes, provided that p = : 

Proposition 2.0.3. Let X be a Gorenstein scheme, x e X^p\ and [N,^] 6 

W{CAi^{Xx)',Cx). If X is affine or p = 0, then there exists an integral lattice 
for [N, lb]. 

Proof. Let i : x ^^ X he the inclusion, and Ai c: i^N an Ox-subniodule 
such that Aix = N. Then Ai e 5f(X) by [14, 1.19], so the canonical map 
p : Ai ^ Ai** is injective. On the other hand, since A^^, is an O x ,x-i^odu\e of 
finite length, p^ : A^a: -^ AJ** is bijective. Thus, we have a map 

X** "-^ Mx = N. 

Since taking stalks at a; is a left adjoint to i^, we obtain an injective map 
M** --> i^N. By [14, 1.13], M** eCMP{X), so M** is a lattice for [iV, V]. 
Now consider the composition 



0:MxM' 


- HiV X z,iV ^ t^£P ^£P^ £P+i ^ iy^£P+ 




yeX'^v + i) 


where iy : y ^^ 


X is the inclusion, li X = Spec A, we can always 



"clear 

out denominators" by multiplying AJ by some nonzero clement a e ^, so that 
9{aM X aM) = 0, i.e., i^ilj^aM x aM) c V^. Then aM c i^N is an integral 
lattice. 

This is not always possible, however, if X is not affine: for example, if 
X = Pj,, the only regular functions on X are constant functions, so one can't 
clear out denominators by multiplying by a regular function. We will show that 
if p = 0, one can construct a subsheaf I? c A^ using a Weil divisor that cancels 
out the poles appearing in the image of i^tl), thus giving 6{T) x 2?) = 0. 

So assume that p = 0. Then we may assume that N = K(X), viewed as a 
constant sheaf on X, and that i(; is given by multiplication by some f e K{X). 
We may take Af = Ox as our (non-integral) lattice. Our aim is to find a 
submodule V '^ Ox such that V e CAi°{X) and e(V x V) = 0. Let 

(/):= Y, ny{f)yeDW{X), 
and 

yEXW yeXW 

where 

n+(f) •= hy^^^ '^ "^('^^ ^ °' n-(f) •= ^ '^ "^(-^^ "^ °' 

' (0 ifn,(/)<0, '^^'- \ny{f) ifn,(/)^0. 
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Define an Ojsf -module V for each affine open subset U cz X hy 

V{U) := [g e K{X) \ ny{g) + n-(/) > Vy e [/ n X^^)} . 

Since 

Ox{U) = [geK{X) | %(.g) > Vyet/nX^i)}, 

I? is a subshcaf of Ox- Moreover, if y e X*^^) and iTy cz Ox,y is the maximal 
ideal, then 

^ ^{Ox,y ify^Supp(/)-, 

' [ttIT^^^^'^^x,, if2/6Supp(/)-. 

Hence, if r^ e X is the generic point, then 2?^ = Ox,ri = -?''(-'^), and by construc- 
tion, 

dyiVy X Vy) = Q e £l \f y E X ^^l 

Hence, 0(V x V) = 0. Finally, since V is locally free, V e CM"{X). D 

Given [Al,(/)] e W{CM^{X);C), we may localize at a; e X^p^ to obtain 
[Ala;, (j)x] e VK(CAl^(Xa;);C2:). Hence, there is a map 

/CP:W^(CMP(X);C)^ [J W{CMP{X,);C,). 
Pardon[14, 3.9, 3.23] showed that the sequence 

'C T T Tj^fr: i AVf V \. n ^ -C 

is exact. Setting d^ := /Cp+^ o £p, we thus obtain a complex 



O^W^(CMP(X);C)^ Y[ W{CM^{X,);C,)^W{CM'P+\X)-C) (2.1) 



0^ ]J W{CM\X^);C^)'^---^ W mCM"(Xx);C,)^0. (2.2) 

Moreover, he showed [14, 5.1] that if X is the spectrum of a regular local ring 
which is essentially of finite type over a field of characteristic different from 2, 
then U" is surjective and therefore (2.2) is acyclic, with kerd^ = W{Si{A)-,C). 
To recover the Gersten-Witt complex from (2.2), he makes use of the devissage 
[13, 2.2] 

]J W{K{x)-KPN{m^)®o.C,)^ W W{CMP{X^);Cx), (2.3) 

where N{xn.x) '■= Homg)^ (ma;/m^ , k(x)). One may always choose an isomorphism 

AP7V(m,)®o^C, ^«;(x), 
giving rise to a non- canonical isomorphism 

W{K{x)-KPN{mx)®o^ C,) ^ W{n{x)). 
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Thus we obtain the classical Gersten-Witt complex 

0^ U W{Kix))^ U WiKix))^ > U WiKix))'^0. 

The local acyclicity of (2.2) implies that we can sheafify it to obtain a flasque 
resolution. Define a Witt sheaf for each afhnc open subset U cz X hy 



W{X;C){U) := ker W{K{rj);Cr,) ^ 



xeUnXi^) / 



where i] e X is the generic point. (2.2) then sheafifies to a Basque resolution of 
W{X;C) : 

^ t^^W{K{'n);C^) "^ U «x*T^(K(x);iV(m,)®o^_, C,)^--- 



xeXW 



reX(") 



where W{k{x)] N{mx)®Ox ^^x) is viewed as a constant sheaf on x, and i^ : x ^^ 
X is the inclusion [14, 0.11]. By the Purity Theorem[ll], the stalk of W{X;C) 
at a; e X is W{X^;C^), so WiX;C){U) = W{U). 
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Chapter 3 



Hirzebruch surfaces 



This chapter is organized as fohows: 

In Section 3.1, wc introduce the Hirzebruch surface _ff„, and discuss its 
geometry. 

In Section 3.2, wc define a new complex of Witt groups on 2-dimensional sur- 
faces supported on codimension p tori. We define these Witt groups in Sections 
3.3. In Section 3.4, we define the boundary maps of this complex. 

In Section 3.5, we show that the Witt group supported on codimension p 
tori is isomorphic to the Witt group of the the tori, thus obtaining a complex 
of Witt groups of tori. Our claim is that this complex is quasi-isomorphic to 
the Gersten-Witt complex of i/„ . We prove the quasi- isomorphism in the next 
chapter. 



3.1 Geometry of Hirzebruch surfaces 

The Hirzebruch surface iJ„ is a Pj. bundle tt : i/„ -^ Pj. obtained by projec- 
tivizing the line bundle Opi @Ofi{—n). It can be constructed as a toric variety 
by a fan depicted below [5, p. 7]: 

(-l,n) 



(1,0) 
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CHAPTER 3. HIRZEBRUCH SURFACES 



To each cone ai corresponds an affinc open subset Ua^ '■ 

Ua-2 = SpecC[x,y]^ — s-SpecC[z,i(;] = Ua-^ 




(3.1) 



Uai = S]yccC[x,y]^ — s-SpecC[z,w] = Ua-^ 

where z := 1/x, w := l/x"y, w := 1/w, y := l/y. The axes of Ua- constitute 
four projective lines in if„, denoted by X, Y, Z, W: 

(3.2) 



Uajj; 



-X- 



v/ 



O^fi 



X and Z are sections of n : Hn -^V\.. Y and W arc fibres over Pj,, hence have 
trivial normal bundles, while the normal bundles of X and Z are "twisted" by 
the integer parameter n. When n = 0, there is no twist, and H^ ^ P^ x Pc- 

Fernandez-Carmena [4, 3.4] showed that the Witt group of a smooth complex 
surface is a birational invariant. Hence, 



Z/2 



VneZ. 



W{H,,) = W{Vl) 
We will adopt the following notations: 

Hl:= XyjY yj ZyjW, 

Tx '■= X — {Oxy, Ozw} , 
Tz '■= Z — {Ozw, Oxy} , 

L:= X vj Z, 
Tl ■■= Tx u Tz, 
Note that Tl = H^ - N, Tn = H^ - L, and H^ = LnN. 



(3.3) 



n ■ i^xyi ^zw) ^xy^ ^zw) • 
Ty ■.= Y- {Oxy, Oxy}, 

Tw-=W-{0zw,0z^}, 

N ■.= YkjW, 
Tn ■= Ty u Tw- 



3.2 A complex of Witt groups supported on tori 

Let H = Hn for some n e Z, and -q e H the generic point. The Gcrstcn-Witt 
complex of H is given by 

O^W{n{f^))'^ W W{CM\Hx))'^ Y[ W{CM\Hx))^0. (3.4) 
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In Pardon's construction [14], 

d°:WiKiTj))^WiCM\H))^ U WiCM\H,)), 






d^: W W{CM\H,))^W{CM\H))'^ [J W{CM\H,)). 



We claim (Proposition 4.0.6, Corollary 3.5.3) that there is a quasi-isoniorphic 
complex 

^ W{H-H^) ^ W{CM^tSH-N))Y[w{CM\^^{H-L)) ^ W{CM]i2{H)) -^ 0, 

(3.5) 
where d^j is the compositioin 

W{H-H^) ^-^' W{CM]fi{H)) '^-^' W{CM]ii_j^{H-N))Uw{CM]fi_L{H-L)), 

(3.6) 
where /C^i :=^]v]_[^L' 



ICJ,:W{CM},^{H)) 


- W{CM]I^_^{H - N)), 


(3.7) 


JCl-.WiCM'H^iH)) 


- l^(CM]j,_i(ff-L)), 


(3.8) 


.U'C^™^ where 






C}r,--W{CM}rAH- 


JV)) - Ty(CA^L^(F)), 


(3.9) 


C'r,:W{CM}rjH- 


-i)) - T4^(CML^(if)). 


(3.10) 



Recall that L n N = H^ . IC^i is an excision map induced by restriction, and it 
is injective because K,^ is injective [14, 3.9]. 

In the next couple of sections, we define the Witt groups with support and 
the lattice maps £^i , C}p , £^ . 

3.3 Witt groups with support 

If y is a closed subscheme of X, CAiyi-^) will denote the category of coherent 
sheaves of CM Ox-modules of codimension p supported on Y. Also, if V is a 
sheaf of Ox-niodules, then Vy will denote the sheaf of Ox-modules defined for 
each affine open subset U ^ X hy 

00 

Vy(C/):=U(0:^(n(^r)v(C/), 

1=1 

where J^{Y) a Ox is the ideal sheaf of Y. 
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3.3.1 W{CM]ji{H)) 

Let Q\ji (H) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

(l):M xM^V^^, 

where Ai e CAl^i(iJ). {Ai,(j)) e Q^{H) is called a lagrangian if there is a 
submodule M cz M such that M,M/N 6 CAl^i(7f), 4>\f^xN = 0, and the 
induced pairing 

N X (X/AT) ^ V^^ 

is nonsingular. VK(CAl^i (if )) is the Grothendieck group of Q\ji{H) modulo 
the subgroup generated by lagrangians. Note that the images of the above 
bilinear maps lie in V^ ^i . 

3.3.2 W{CM\{H -N)) 

Let Qy {H — N) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

0:MxM^V^„_„, 

where M e CM\'^{H — N). {M,(t)) e Q^ {H — N) is called a Za(;raK(;mn if there 
is a submodule N cz M such that TV, M/N e CM^^ (H — N), (f)\j\fxj\r = 0, and 
the induced pairing 

Af X (M/Af) - Vh,_^ 

is nonsingular. W{CAix,^{H — N)) is the Grothendieck group of Q^ (H — iV) 
modulo the subgroup generated by lagrangians. Note that the images of the 
above bilinear maps lie in Vq rp . 

3.3.3 W{CMt^{H -L)) 

Let Q}p (H — L) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

where Ai e CAij-j^ {H — L). (Al, (j)) e Q^ {H — L) is called a lagrangian if there 
is a submodule J\f <z M such that Af,M/Af e CM^^{H — L), ^IaAxAA = 0, and 
the induced pairing 

N X {M/N) - V^^_^ 

is nonsingular. W{CAirp^{H — L)) is the Grothendieck group of Q^ {H — L) 
modulo the subgroup generated by lagrangians. Note that the images of the 
above bilinear maps lie in Vq rp . 
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3.3.4 CM]j2{H) 

Let Q^fj2 {H) be the semigroup of isometry classes of nonsingular symmetric 
bilinear forms 

4>:M xM^Vl^, 

where Ai e CM.^2{H). {Ai,(j}) e Q^2(-ff) is called a lagrangian if there is a 
submodule N <^ M such that Af,M/J\f e CM\j-2{H), (/)|aAxA^ = 0, and the 
induced pairing 

Af X {M/Af) -^ Vl^ 

is nonsingular. W{CAi\j2{H)) is the Grothendieck group of (5^2 (-ff) modulo 
the subgroup generated by lagrangians. Note that the images of the above 
bilinear maps lie in V^ ^2 ■ 

3.4 Lattice maps with support 

We will use Oh for our canonical sheaf for H. The construction is essentially 
the same as Pardon's [14]. All we are doing here is to show that his construction 
works even with the additional support condition. 

3.4.1 C% : W{H - H^) -^ W{CM]ji (H)) 
Let [TV, ip] e W{H - H^), so that 

ij -.AfxAf^OH-m, 

where TV e CM"{H - H^). Let i : H - H^ ^ H he the inclusion. An Or- 
submodule M c i^J\f is a lattice if Al e CM"{H) and M\h-h^ = TV. The 
lattice is integral with respect to tp if {i:i:ip){Ai x Ai) cz Oh. 

Ai X Ai cz i^Af X i^Af 
I 

Oh ^ hOh-h^ 

If TM is an integral lattice for [TV, V'], its dual lattice is an O/f -submodule AI' a 
hTV defined for each afhne open subset t/ c iJ by 

Ai'iU) = {ne i^N{U) \ {i^i>){U){n,M{U)) cz Oh{U)} . 

Then there is an induced symmetric bilinear form 

- M' M' i^Oh-h^ 

ip : X 



---> 



Ai Ai Oh 

^iven by ■0(m']^,?fi2) = (P{{i:f'ip){Tn'-j^,m'2)) on affine open subsets. 
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M! I M. is supported on H^ because M! locally coincides with M. at every 
point oi H — H^ by the nonsingularity of ip- Moreover, M' /M e CM^{H) by 
[13, 1.2]. 

Before we prove our main propositions (Proposition 3.4.4, Proposition 3.4.5), 
we need some lemmas: 

Lemma 3.4.1. In the notation as above, 

Proof. Vq^ = -^ — -, where the function field K{H) of H is viewed as a con- 
stant sheaf on iJ, and for every afhne open subset U ^ H, Vq //i(^) ^ 
{K{H)/Oh){U) is the subset of sections with poles along H^ n U: 






Oh ^ '^ Oh 



a 

Lemma 3.4.2. Let [A1,0] e W{CM^j^i^{X)-,C), andM ^ M a totally isotropic 
suhmodule such that Af,Af'^ /Af e CAi^^ i^)- If the induced bilinear maps 

a:Af X M/M^ -^V^+\ 13: M^/M x M^/M -^ V^+i 

are nonsingular and [A/'^/A/', /?] is a lagrangian, then [Ai,(p] is a lagrangian. 

Proof. Let IC/M cz M^/N be a sublagrangian, where A/" c /C c J\f^. We will 
show that /C cz Al is a sublagrangian. Since Af,IC/Af e CAi^~^^{X), we have 
/C e CMP+\X) [13, 1.2]. Being a sublagrangian, IC/Af c Af^/Af is totally 
isotropic, so /C c Al is totally isotropic, as well. Let 

: /C X A4/IC -^ VP+^ 

be the induced pairing. We will show that the induced map 

ad^ 4> : M/IC -^ ,y>fom{JC, V^^^) 

is bijective. This would imply M/K, e CM^^^iX) [13, 1.6a], and that JC ^ M 
is a sublagrangian, finishing the proof. 

To this end, note that there is a short exact sequence 

Taking (— )* = J^om(— , V^^^), we obtain a commutative diagram 
0^ IC/Af -^ /C^ Af- 



-<r- 



ad^ 



ad (f) 



ad a 



{{N^/N)/{K/N)Y ^^— (M//C)* ^ {M/N^Y 
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where the rows are exact. Since ad /3 and ad a are isomorphisms, j* is surjective, 
hence ad^ is bijective. Reflexivity of CM modules [13, 1.6a] then imphes that 
ad' (j) is also bijective, as desired. D 

Lemma 3.4.3. Let [A1,0] e W{CM^^i^{X);C), andM <^ M a totally isotropic 
suhmodule such that Af,Af'^/Af e CM.^^ i^)- If the induced bilinear maps 

are nonsingular, then [M,(j}\ = [N'^/U,I3\ m W{CM''^i^{XyX). 

Proof. We will show that [M,(j)\- W^/M, IS\ = [M® (A/'-^/TV), 0© (-/3)] is a 
lagrangian. Let Wi = TV © c 7W © {M^/M). Then A^i e CAl^+i^(X), and 

All 
Since Af c 7V^ , we have Afi c Af-^ and 

Afi^/Afi ^ {Af^/Af) © {Af^/Af) e CM%\x). 
The induced bilinear maps 

All 



are isomorphic to 



a:Afx {M/Af^)^VP+^, 



p © (-/?) : {N^/Af) © {N^/N) X {Af^/Af) © (AA^/AA) ^ V^+S 

respectively. Note that the latter is a hyperbolic form, hence a lagrangian. Thus, 
applying Lemma 3.4.2 with [M © (TV-"- /A/"), © (-/3)] in place of [Al, 0], and 
TVi in place of TV, it follows that [M © (7V-'-/7V), 0© (-/3)] is a lagrangian. D 

We arc now ready to prove one of our main propositions in this chapter: 

Proposition 3.4.4. There is a well-defined map 

C%, -.WiH - H^) -^ W{CM]ji{H)), [AA,i/.]^[M7X,V;], 

where AA is an integral lattice for [Af, ip] ■ 

Proof. We have seen above that A4'/A4 e CA4\fi{H). We must show that 1) 
■0 is nonsingular, 2) [A1'/A1,V'] is independent of the choice of A4, and 3) if 
[A/", -0] is a lagrangian, so is [A4'/A4,4>]. 

1) For the nonsingularity of ■0, we need to show that the induced map 

ad^ : M'/M ^ J^fom{A4' /A4,i^Oh-h^/Oh) 
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is bijective. Injectivity is clear from the definition of dual lattice. For surjectiv- 
ity, let /3 e ,j^om{M' /M.,iifOfj-H^/^H)- The short exact sequence 



O^M^M' ^ M'/M 
induces an exact sequence [13, 1.6b] 







^ {M'/MY <^M^M' ^0. 

where (-)^ := M'om{-,OH), {-)" := Jfomi-,V^iH)). If /3 = (5(a), there is a 
commutative diagram 







■M 



M' 







■O 



H 



hOh-h^ 



■M'/M 



-^K.M^ 



-^0 



-^0 



where the rows are exact (Lemma 3.4.1). a' is given on an affine open subset 
[/ c 7? by a'{U) = {i^ili){U){rn^ — ) for some m e M{U). Hence, 

/?([/) = 4,{U){m!,-) = adi){U){7h') 

for some fhl e [M' /M){U), i.e., adf/j is surjective. 

2) Now suppose that Mi^Mi c i^N are two integral lattices. Then Mi n 
7^2 is also an integral lattice, so we may assume Mi <^ M2- Then there are 
inclusions 

Ml cz M2 c M'2 c M'l cz i^Af. 

Hence, M2/M1 cz M'^/Mi is a totally isotropic subspace, and 
{M2/Mi)^ = M'2/Mi c M'JMi. 



Hence, there are isomorphisms 

{M2/Mi)^/{M2/Mi) ^ M'2/M2, 
and the induced bilinear maps 



{M'i/Mi)/{M2/Mi)^ ^M'i/M'2, 



a : M2/M1 X {M[/Mi)/{M2/Mi 



V\H). 



p : {M2/Mi)^/{M2/Mi) X {M2/Mi)^/{M2/Mi) -^ V\H), 
are isomorphic to the bilinear forms 

a' : M2/M1 X M'JM'2 -^ V\H), 

13' : M'2/M2 X M'2/M2 ^ V\H), 

respectively. We have shown the nonsingularity of /3' in the first part of the 
proof. Similar proof shows that ad a' is surjective. The refiexivity of CM mod- 
ules [13, 1.6] implies that M'l = Mi, which in turn implies injectivity of ad a'. 
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Hence, a' and /?' are nonsingular, and therefore a and /3 are nonsingular. Since 
M2/Mi,M'2/M2 6 CM^{H) [13, 1.2], the resuh then follows from applying 
Lemma 3.4.3 to [M[/Mi,ip] e W{CM]jiiH)) and M2/M1 c M[/Mi. 

3) Let [Af, ip] e W{H-H^) be a lagrangian. We will show that [M'/M,tp] = 
G W{CAi}fi{H)). Since the localization map 

W{CM'h,{H))^ U W{CM\H,)) 

xeHW 

is injective [14, 3.9], it suffices to show that 

Let Z c TV be a sublagrangian, and define 

g := ker(M ^ i^Af -^ i^{N/I)). 

Since AA is an integral lattice, there is an induced bilinear map 

hV' : M X M ^ Oh- 

Since Q c: i^I^ the submodule Q a M. \s totally isotropic with respect to i^i), 
and there is an induced pairing 



Let (-)* 
diagram 



a-.gx M/g -^ Oh- 
Jifom{—,OH)- Since M' ^ M* [14, 3.16], there is a commutative 















-^ M — ^^ M/g 



ad a 



adi^l-V 



— ^ {M/g)* — — ^ M' 



adt, 



*- cok ad a s- M'/M s- cok ad' 1 



where the rows and columns are exact. Since M e CM'^{H) and M/g ^^ 
i^{N/I) e CM\H), we have g,M/g e S^{H) [14, 1.19]. Hence, g^^^M^/g^ e 
CM'^{Hx) Vx e H^^K By [13, 1.6c], the second and third rows arc locally 
exact at every point of H^^' . Let S := iniTf*. It follows from the commutative 
diagram that iplsxs = Oj ^^id the local exactness of the third row implies that 
S c M'/M is a sublagrangian at those points (in H^^^). D 
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Since £^1 is defined in the same way as Pardon's lattice map C'^, there is a 
commutative diagram 

Wi^m -U.eif(i) WiCM\H,)) 



W{H - H^) ^^ W{CM^T^{H - N))UW{CM]^^{H - L)) 

where d^ = K} o C^ , d% = K,\ji o £^i, and the vertical maps are induced by 
inclusion. Note that the bottom right has only two Witt components supported 
on T^ and T/Vi because the image of the lattice map >C^i is supported on H^ . 

3.4.2 Or^MCl^ : W{CM}r,{H - N)Y[W{CM^tAH - L) ^ 
W{CM\2{H)) 

Let [TV, V] e W{CMt^ {H- N)),so that 

where TV e CMt^{H - TV). Let i : i7 - TV -^ i7 be the inclusion. An Or- 
submodule M c z^tV is a lattice if Al e CM\{H) and M\h-n = TV. The 
lattice is integral with respect to ■)/' if (hV')(-^ '^ ^) ^ "^"0 • 

M -x M c i^M X i^M 
I 

I i^V 

Since TM c i^^TV, the image of the left vertical map necessarily lies in Vq j^. 

If Ai is an integral lattice for [TV, '0] , its dual lattice is an O^-submodule 
Ai' c Z;fTV defined for each affine open subset U cz H hy 

M'{U) = {n e i^AfiU) \ {i^i^){U){n,M{U)) cz V^„,i(t/)} . 

Applying Bass's theorem [2, 2.5] which states that minimal injective resolution 
is preserved under taking annihilator of a regular element, we obtain an exact 
sequence 

" '^Oh,L '--Oh-L '--Oh.l ^ ^1 

which is a minimal injective resolution of Vq ^ as a sheaf of O^-modules, 
where Oj^ is the L-adic completion of Oh- Thus, there is an induced map 

7 M' M' . 
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Ai' locally coincides with Ai at every point oi H — N. Also, being submodules 
of i^Af, A4' and A4 are supported on L. Hence, 7M'/A^ is supported on NnL = 
H^, and the image of -ip lies in V^{H)h2. Moreover, M'/M 6 CM'^{H) by [13, 
1.2]. 

Our next main proposition of this chapter can be proved in the same way as 
Proposition 3.4.4: 

Proposition 3.4.5. There are well-defined maps 
C}r^:W{CM}r^{H-N)) --^ W{CM'\i2{H)), [N,iIj\^ [M' /M.i^], 



Let d\j := >Cy U'Ct ' ^^ ^^at 

d\j : W{CM}r^{H - N))Y[w{CMlr^{H - L)) -^ W{CAijj2{H)). 

Since C}p and C}p are defined in the same way as Pardon's lattice map C^, 
there is a commutative diagram 



W{C Ai^T^ {H-N))U W{C Ai\.^ (H-L)) '^-^ W{CM]j2 {H)) 

where d^ = K? o C^ . Note that the Witt group on the bottom right is supported 
on four points 0^;^, Q^w, O^y, ^zw e H^'^\ 



3.5 Devissage 

Let X be a scheme, and x e X^'P' a point of codimension p. In its original form, 
devissage [13, 2.2] states that there is an isomorphism (see (2.3) for canonical 
version) 

W{n{x)) ^ W{CAi^{X^)). 

In order to identify the complex (3.5) with a complex of Witt groups of tori, we 
need isomorphisms of the form 

W{Tx)^W{CMlr^{Hr,-N)). (3.11) 

There is certainly such a map induced by inclusion. However, unlike CAi^{Xx), 
the sheaves in CAij'^ {Hn — N) are not of finite length, so devissage cannot be 
applied in its original form. In this section, we show that the map is still an 
isomorphism. First we need a lemma: 
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Lemma 3.5.1. Let 

be a minimal injective resolution ofC[x,y]. Then 

C(x)[y,l/j/] 



£l := [JiO : fh. 



c(x)M ■ 



Proof. Let V c £p denote the p-th cosyzygy. We have f" = C{x,y), V^ = 

C[x,y] ' ^^^ 

Hence, there is an inclusion V}, ^^ ^/ \r i ■ We will show that this is an an 

' V C{x)[y\ 

essential injective extension over C[a:][[j/]]. This is an equivalent way of saying 
that it is an injective hull over C[a;][[2/]] [17, 2.21]. Since Vy cz £y is an injective 
hull over C[x][[2/]] by Bass [2, 2.5], the result follows. 

C(i)f 1 ^^ ^^ injective C(a;)[[y]]-module, since it is divisible over PID. This 
in turn implies that it is injective over C[x][[y]]. 

For essentiality, note that every non-zero clement of r/i^r i can be repre- 
sented by a finite sum of the form 2^> -^ ^i^ , where /i , 5i 6 <C\x\ c C[a;][[y]]. By 
multiplying this by ni>5*' one obtains a non-zero element in Vy = cu' i ■ 
This implies that Vy ^^ c(x)\ 1 ^^ ^'^ essential extension. D 

Proposition 3.5.2. There are isomorphisms 

WiTx) ^ W{CM}rAHn - N)), W{Tz) ^ W{CM}r,{H,, - N)) 

W{Ty) ^ W{CM}r^{H^ - L)), WiTw) ^ WiCM'r^iH„ - L)) 

induced by inclusion. 

Proof. Wc will only prove the first isomorphism. The proofs for the other iso- 
morphisms are similar. 

Tx can be covered by two affine open subsets, U = SpecC[a;, 1/x] and 
V = SpccC[z, 1/z], glued together via x ^ l/z. If [M,4>\ e W{Tx), then 

c^{U) : M{U) X M{U) ^ V%^^ (U) = C[x, 1/x] 
^{V) : M{V) X M{V) - V"a^jV) = C[z,l/z] 

where A4{U) is a free C[x, l/a;]-module, and A4{V) is a free C[z, l/z]-module. 
On the other hand, viewed as a subset of i7„ — A^, Tx can also be covered 
by two affine open subsets Ui = Spec C[x,y, 1/x] and U4 = SpecC[z,i5, 1/2;], 
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glued together via x -^ 1/z and y ^ z^w. If [TV, V'] e W{CMT^{Hn - N)), 
then 



A/'(C/i) X A/'(C/i) 



V.((7i) 



V, 



^— ^ i, a;,y,l 



00 



[a:,y,l/a:J 






i=l 



U,™,iAJ 



C[a:,y,l/a:, I/t/] 
C[x,j/, 1/x] 

C[z,iZ), 1/z, l/w] 
C[z,v), 1/z] 



where Af(Ui) is a CM C[x, y, l/x]-module of codimcnsion 1 killed by some power 
of y, and NiU^) is a CM C[2;, w, l/z]-module of codimension 1 killed by some 
power of w. 

Let i : Tx ^-> Hn — N he the inclusion. There is an injection 

which is given on the affine charts \J\ and t/4 by 

C[x,y, 1/x, 1/y] 



j(C/i) : C[x, 1/x] 
i(;74) : C[z, 1/z] 



C[a;, y, l/x] 
:[z,u;,l/z,l/y] 



C[z,u', 1/z] 

Thus there is an induced map of Witt groups 

W{Tx) "^ WiCM^T^iMn-N)), [M,0] ^ [i^M,j o 1^4,]. 

We will show that this map is an isomorphism. It suffices to show that this is 
an isomorphism on one of the affine charts, Ui. 
There is a commutative diagram of value groups 











VO 



£^, 



x,l/x] 



x,l/x] 



,-r- T-I K ^^'" ■, C[x,y,l/x,l/y] 
LX,X J- C[x,y,l/x] 



vi 



x,y-l/x],y 



C(a;)C 



i/y 



'^C\x,l/x'\ 



C{x) c ^ly 
[x-l/x] 



C(x)[y] 



C(x)[y,l/y] 
C[x,y,l/x,l/y]+Cix)[y] 



^Cix)[y],y 






\x,y-Mx].,y 
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where the columns arc exact. Note that we can make the identification 






<C{x)[y,l/y] 



C(a;)[y] 

by Lemma 3.5.1. Thus we have an induced commutative diagram of Witt groups 




W{CM"{C[x, 1/x]) -^ W{CMl{C[x,y, l/x])) 



K.° 



ICl. 



W{CM°iC{x))) 



i/y 



WiCMliCixM)) 



y 



W{CM\C[x, l/x])) ^^ W{CMl{C[x,y, l/x])) 







Pardon[14] showed that the first column is exact. His proof easily extends to the 
second column (shown below), so the second column is also exact. We will show 
that the second and third horizontal maps are isomorphisms, which implies that 
the first horizontal map is also an isomorphism. 

To this end, note that the modules in CAl^(C(x)[y]) and CAl^(C[x,y, l/x]) 
are of finite length. Hence, we may apply dcvissage [13, 2.2] to reduce the powers 
of y which annihilate the modules down to 1, thereby representing the forms by 
the images of the horizontal maps. This proves surjectivity. Injectivity follows 
from the fact that devissage preserves lagrangians. 

To prove exactness of the second column, first note that surjectivity of Cy 
follows from surjectivity of £" and bijectivity of the bottom horizontal map. 
Secondly, injectivity of JCy follows from injectivity of JC^ [14, 3.9]. £^ o /C^ = 



is clear, and the only non-trivial part is to show that ker£j 
[N, ip] e ker £ J , so that 

[M7M,^] + [Li,0i] = [L2,02], 



imJCy. 



Let 



(3.12) 



where M is an integral lattice for [iV, ■;/;], M' is its dual lattice, and [Li,(/)i], 
[L2,4>2] are lagrangians. 

First suppose that [ii,0i] = 0, so that [M' /M,ip] is a lagrangian. Let 
K cz M'/M be a sublagrangian, and K a M' its puUback under the quotient 
map M' -^ M'/M. Since ^ is a sublagrangian, K = K^ [8, p. 134], therefore 
K = K' . The isomorphism 



if'-Hom(i^,V^[,^^,i/,]) 
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then implies that K e CMI{C[x, y, 1/x]) [14, 1.13], and that 

is nonsingular. Hence, [-ftT, V'Ikxk] e W{CAiy{C[x,y, 1/x])), and clearly 

ICl{[K,i;KxK]) = [N,i^l 

proving ker£j cz ini/C^. 

Next, we show that [Li,(/)i] e im/C^, justifying our assumption. By adding 
[Li,— (/>i] to both sides of (3.12), we may assume that [Li,(/)i] is a hyperbolic 
form (1.2.2), so that 

Li =T©f, 

where T e CMl{C[x,y, 1/x]) and f := Hom(T, V^[^^ ^/^j). By [13, 1.6b], there 
exists an exact sequence 

0^/^J^T^O, (3.13) 

where J e CAiy{C[x,y, l/x]), and a dual exact sequence 

0^ J* ^/* ^f^O, (3.14) 

where J* := Hom(J, V^^^ ,^ ,/^j), /* := Hom(/, V^^,^ ^/^j). Combining (3.13) 
and (3.14) gives an exact sequence 

^ / © J* ^ J © /* ^ Li ^ 0. 

Let S:=I®J*, and 

(7 : S X S ^ "^'c[2:,y,l/a;] 

the induced pairing with (Ti/x/ = <^\j*xj* = 0. Then [S*, cr] e W{CAiy{C[x,y,l/x])) 
[13, 1.6a], and /Cj([5, cr]) = [Li,(/)i], as desired. D 

Corollary 3.5.3. There are canonical isomorphisms 

WiTx)UwiTz) ^ WiCM'T^Hr^-N)) 
W{TY)UwiTw) ^ WiCM^T^Hn-L)) 

induced by inclusion. 

Proof. It is easy to see that if Al e CM^^ (Hn—N), then M = Mx®Mzi where 
Mx ■■= u£i(0 : .yiXy)M, Mz ■■= u«i(0 : ^(Z)^^, and ^(X),^(Z) c 
Oh„ are the ideal sheaves of X and Z, respectively. Hence, there is an isomor- 
phism 

[M,(j)] ^ {[Mx,(I)\mx],[Mz,<I)\mz]) 
[M,0] + [AA,V] ^ ([M,0],[AA,^]) 

and the result follows from Proposition 3.5.2. D 



32 CHAPTER 3. HIRZEBRUCH SURFACES 



Chapter 4 

Quasi-isomorphism via toric 
decomposition 

In this chapter, we will prove that the toric complex 

^ W{H^ Hi) "h W{Hl Hi) "h W{Hl) - (4.1) 



is quasi-isoniorphic to the Gcrstcn-Witt complex of iJ„ 

xeH'^^ xGHi^^ xeHi?'> 

By Corollary 3.5.3, this implies that the complex 



0-> U W{Kix))^ U W{k{x))^ U W{k{x))^0. (4.2) 



-^ W{H-H^) ^ W{CM^T^{H-N))UW{CM^T^{H-L)) ^ W{CMJi2{H)) -^ 

(4.3) 
that we constructed in Chapter 3 is quasi-isomorphic to (4.2). 
More generally, let X be a toric variety of dimension n, where 



X = X" ^ X^ ^ ■ ■ ■ ^ X"" ^ X"+i = 

is a chain of closures of orbits of the torus action, and Y^ := X^ — X^^^ is a 
finite disjoint union of (n — p)-tori. Let 

RP{X):= W(«(x)) 

xeX(p) 

be the p-th term of the Gersten-Witt complex of X. 

In order to prove the quasi-isomorphism, we need the following proposition, 
due to Pardon: 

Proposition 4.0.4. Let k be a field with char fc ^ 2. Then the Gersten-Witt 
complex o/A^' is acyclic, and H^{A^^) = W{A]^). 

33 
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Proof. We will prove by induction on n. It is trivially true if n = 0, so assume 
that n > 1, and that it is true for n — 1. 

If p e Specfc[a;i], denote its fibre under the projection 



Spec/c[xi, . . . ,x„] -^ Specfc[a:;i] 



by i^p. If p e SpecA:[xi] is not the generic point, then p = (/), where / 6 k[xi] 
is an irreducible polynomial. Hence, 



Fp = Spcc{k[xi,...,Xn]/{f)) = Spec((/c[a;i]/(/))[a;2,---,a;„]), 



and k[xi]/{f) is an algebraic field extension over k. If 77 e Specfc[a;i] is the 
generic point, then F^ = Spec k{xi)[x2, • • • , a;„]. Note that Spec k[xi, . . . , x„] 
and Fri have the same function field, k(xi, . . . , x„). 

Let A := Specfc[a;i, . . . ,a;„] and Ai := Specfc[xi]. There is a commutative 
diagram 



^W{k 



xi]) W{k{x,)) ^ Ua'^^ W{k[x,]/p) ^ 



W{A) 



WiF,) 



pga\^ 



-U„..a)m^p) 



lpeA\ 



where the vertical maps are induced by inclusion. By Karoubi [7], the vertical 
maps are isomorphisms, and by Pardon [13], the first row is exact. Hence, the 
second row is also exact. 

Now, there is a short exact sequence of Gersten-Witt complexes 



0- U R'{F,)[-1]^R'{A)^R'{F,)^0, 



P^A['^ 
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where [—1] indicates a degree shift by -1. There is a commutative diagram 





Upe4^) WiKiF,)) 



W{A) 



- W{F^) 



W{K{A)) 

II 



U..A(i) w{<^)) 



W{K{F^)) ^^^ n ,j.(^) W{^{x)) 



Up,4^. wiF,) 





where columns are exact, and K(—) denotes the function field. Diagram chasing 
shows that there is an induced map 



U W{F,)-. U W{K{F,)). 



v^A' 



P^A' 



By the induction hypothesis, this map is injective, and the first and third rows 
in the above diagram are exact. Hence, the second row also is exact. D 

The same proof works with Laurent polynomials: 

Proposition 4.0.5. Let k be a field with char k ¥= 2, and T a torus (of any di- 
mension) overk. Then the Gersten-Witt complex ofT is acyclic, and H'^iT) = 

W{T). 

We now prove the main proposition of this chapter (see Takeda [19] for 
iiT-theoretic analogue): 

Proposition 4.0.6. The complex W{Y') is quasi-isomorphic to R'{X). 

Proof. The inclusion X^^^ ^^ X^ induces a short exact sequence 

^ R'{XP+^)[-l] -^ R'{XP) -^ R'{YP) -^ 0, (4.4) 

where [—1] indicates a degree shift by -1. Since Y^ = ]_[jT*, R'{YP) is acyclic 
by Proposition 4.0.5. Hence, the short exact sequence (4.4) induces an exact 
sequence 



S" 



^ H°{R'{XP)) '^ H%R'(YP)) --^ H%R'{XP+^)) ^ H\R'{XP)) -^ 0, 



l^^ J!" Tji, 



(4.5) 
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and isomorphisms 

The latter gives rise to a chain of isomorphisms 

H\R'{XP-^)) ^ H\R'{XP-^)) ^ . . . ^ HP{R'{X°)), 

which arc induced by the inclusion i?*(XP-')[-l] ^ R'{XP-^-^). 

Let d'P := /C^^^ o S^. The exactness of the sequence (4.5) implies that there 
is a complex 



> H°{R'{YP-^)) ''V H%R'{YP)) ^ H"{R'{YP+^)) 

By Proposition 4.0.4, 

H\R'{YP)) = W{YP) =Y[W{TP). 

i 

Hence, (4.6) gives a complex W(Y'). 
There is a commutative diagram 

H\R'{YP-^)) 



(4.6) 



^H^{R'{XP)) 
jp-i 

H^{R'{XP-^)) 




H%R'{YP)) -^^ H^{R'{XP+^)) 

j^p+i 

H°{R'{YP+^)) 



Y 


where the rows and columns are exact. Hence, there is a commutative diagram 

H°{R'{XP)) 'Z > kerpP 



U 
im SP-^ 
which gives rise to isomorphisms 



-^ imdP ^ 



HPiR'iX")) ^ H^R'iXP-^)) -r H^V^ ^ J-^ . HPmY')), 

where the first two isomorphisms are induced by inclusion. 

Now we will show that this isomorphism is induced by a chain map 



R'{X^) ^-- W{Y') 
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By the short exact sequence (4.4), there is a commutative diagram 





5" 



Y 
■R^{XP+^) 



H°{R'{XP)) - - ^H°{R'{YP)) 

Y Y 

R°{XP) =^ s- rO{Yp) 



d^iX") 

R^{XP) — 



d^{XP) 



R^{XP) 



cfiX") 



^R^{XP) 



-^R^{YP) *-0 



R^{YP) ^0 

Y 
R^{YP) ^0 



where the rows and columns are exact. By the isomorphism R^{Xp) ^ R^{YP), 
there is a map A^ : H^ {R' {YP)) --* R?{Xp), and a commutative diagram 



AP-i 



^0(^.(yp-l))C^^ i?"(XP-l 



,0(^p-lj 



H°{R'{Yp))^ 



X" 



-AP+i 



R"{XP)^ ^ R\XP-^) 



^0(^.(yp+l))C^^ i?"(XP+l)C ^ R\XP)'^ 

Hence, there are inclusions of chains 

W{Y') K R'{XP-^)[-p+l] ^ R'{XP-^)[-p+2] 



i?2(XP-l) 



which induces the isomorphism HP(W(Y')) ^ HP{R'{X°)). D 
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Chapter 5 

Computations 



In this chapter, we will compute the boundary maps of the toric complex (3.5). 
For the sake of simplicity (and without loss of generality), we will assume that 

From our choice of affine coordinates (3.1), we have Hn—H^ = SpecC[x, y, 1/x, l/y]. 
Then W{Hn — H^) is a Z/2-vector space of dimension 4, generated by the unary 
forms (1), (a;), (y), (xy) [7, 3.11]. On the other hand, by Corollary 3.5.3, 

WiCM'rAHn - N))UwiCM'T^iHn - L)) (5.1) 

is generated by 8 basis elements corresponding to the basis elements of 

WiTx), WiTy), WiTz), WiTw), 

each of which is generated by two basis elements [7, 3.9]. Hence, d^f can be 
represented by an 8-by-4 matrix. On the other hand, H^ consists of four points 
(refer to the picture (3.2)), and since the Witt group of a point is W{£.) = Z/2, 
W{CAi^ij2 (Hn)) is a Z/2-vector space of dimension 4, so d\j can be represented 
by a 4- by- 8 matrix. 

Proposition 5.0.7. With above choice of basis, the matrix representation for 
(Pj^ is given by 



<1> (x) (y) (xy) 



<1> (x) (y) (xy) 



lx> /O 



'■He 



(x) 

(y) 
(W 
<^> 










Vo 





1 



1 



1 J 



^H 



odd 



(W 


/o 





1 


\ 


(x) 











1 


(W 





1 








(y) 











1 


(W 











1 


<^> 








1 





<i»> 





1 








(w) 


Vo 





1 


/ 
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Proof. Let us first determine the entries in the first column. To do this, we need 
to see where the form {Oh„-h^ > (1)) is sent to by the composition /C^i o>C^i • To 
apply the lattice map £°^i , we need to find an integral lattice for {Oh„-h^ , (I))- 
We claim that O/^^ is an integral lattice for {Oh„-h^ , (I))- To sec this, wc check 
that the image of the bilinear form 

lies in Vq (C^crJ for every z, where j : Hn — H}-^ ^^ i7„ is the inclusion (see 
(3.1) for the definition of C/o-. .) For example, on Ua^, the form {Oh„-h^ j(1)) is 
given by 

C[a;, y, 1/x, 1/y] x C[a;, y, 1/x, 1/y] -^ C[x, y, 1/x, l/y], 

and the image of the bilinear form 

OnAUa^) X OnAUa,) = C[x,y] x C[x,y] ^ C[x,y,l/x,l/y] 

lies in Vg^J[/.J = OhAU.^) = C[x,y]. 
To find its dual lattice, note that 

O'nAU^r) ■■= {feC[x,y,l/x,l/y] \ f ■ C[x,y] cz C[x,y]} = C[x,y] = Oh„(C/.J. 

We can similarly check that O^ {UaJ = Cff„(^crJ for every i, so Oh„ is self- 
dual, resulting in £^1 «1» = 0." Hence, d%J(l}) = }C]j^ o £^1 «1» = 0, and 
the entries in the first column are all 0. 

Now let us determine the entries in the second column. 

The form (Oh^-h^ j (2;)) is given on the affine charts by 

Uai ■■ C[x,y,l/x,l/y]xC[x,y,l/x,l/y] -^ C[x,y,l/x,l/y] 
Ua2 ■ C[x,y,l/x,l/y]xC[x,y,l/x,l/y] -^ C[x,y,l/x,l/y] 

l/z 

Uas '■ C[z, w, 1/z, 1/w] X C[z, UI, , 1/z, 1/w] — > C[z, w, 1/z, 1/w] 

l/z 

C/ct4 '■ C[z,w,l/z,l/w] X C[z,w,l/z,l/w] -^ C[z,w,l/z,l/w] 
This time, Oh^ is not an integral lattice because the image of the bilinear form 

OhAU^:,) X On^iUaJ = C[z,w] x C[z,w] ^-^ C[z,w,l/z,l/w] 
does not lie in V^ (^^0-3) = ^niUas) = C[z, w]. On the other hand, 

OHA-W)iU^,) = z-C[z,wl 
and the image of the bilinear form 

z ■ C[z, w] X z ■ C[z, w] — > C[z, w, l/z, 1/w] 
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docs lie in C[z, w]. We can similarly check that the image of the bilinar form 

lies in Vq {Uai) for every i. Hence, Oh„{—W) is an integral lattice for 
{Oh^-h'^ T^x}). To find its dual lattice, note that 



OHA-wnu^J 



{/ e C[x,y, l/x, 1/y] \f-x- C[x,y] c C[x,y]} 
- •C[x,y] 

X 



We can similarly check on the other afhne open subsets to conclude that Oh„ {—W)' 
Cff„(^)- Hence, £^i ((x)) is given by 



Oh AY) 



Oh AY) i^yi^On^-Hi 



O 



H„ 



(5.2) 



OhA-w) OhA-w) 

Now we apply the map 

/C),i : W{CM],AHn)) - W{CM],i^_j,{H,, - N)) [J W{CM],i^_l{H^ - L)) 

by restricting the domain from iJ„ to _ff„ — N and 7J„ — L. (Recall L := X lj Z , 
N := Y ij W.) Restricting (5.2) to i/„ — N gives zero because 



Oh AY) 

OhA-w) 



Oh^-n 
Oh^-n 



0. 



By Corollary 3.5.3, this implies that lC\ji o £^i {(x)) has no component in the 
subspace generated by (la;),(x),(l2),(z), hence the corresponding rows in the 
second column are 0. 

On the other hand, restricting (5.2) to iJ„ — L gives 



OH^-LiTy) Oh„-l{Ty) (x) HOh^-H^^ 



Oh^-l{-Tw) Oh^-A-Tw) Oh^-l ■ 

On (iJ„ — L) n Ucr-^ = SpecC[x,y, 1/y], (5.3) gives a commutative diagram 



(5.3) 



^■C[x,y,l/y] 
C[a;,y,l/j/] 



[x,yA/v] x 



C[x,y,l/y\ 



Ijxx Ijx 

C[y,l/y]xC[y,l/y] 



:[x,y,llx,lly] 
'C[x,y,lly] 

l/x 

■<C[yA/y\ 



(5.4) 



while on (iJ„ — L) r\ Ua^ = SpecC[z, w, 1/w], it gives a commutative diagram 

C[z,w,l/w] C[z,w,l/w] 1/^^ C[z,w,l/z,l/w] 

z-C[z.w,l/w] z-V[z^w,l/w] C[z,w,l/w] 

A A 

1x1 ? 1/z 



[w, 1/w] X C[w, 1/w] 



■C[w,l/w] 
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We therefore conclude that IC\ o £^ {{x}) = {ly) + (Iw}- Hence, in the second 
column, the rows corresponding to (ly) and (!„,) are 1, and the rows corre- 
sponding to {y} nad (w} are 0. 

So far our results didn't depend on n. Now we will see that the third and 
fourth columns do depend on n. 

To determine the third column, consider the form (C'//^_/fi ,(y)), given on 
the affine charts by 

C/<Ti : C[x,y,l/x,l/y]xC[x,y,l/x,l/y] ^ C[x, y, 1/x, l/y] 

C/<T2 : C[x,j/, l/x,l/y] X C[x,j/, l/x,l/y] -^ C[x,y, 1/x, 1/j/] 

C/cr3 : C[z, w, 1/z, l/ui] X C[z, w, , 1/z, 1/w] -^ C[z, w, 1/z, 1/w] 

f7cr4 : C[z, iD, 1/z, 1/iD] X C[z, w, 1/2;, 1/w] '-^ C[z, u), 1/z, 1/w] 

We use the same argument as above to conclude that Oh„{—Z) is an integral 
lattice for {Oh„-h^ ,(y})- For example, C'/f^(— Z)([/<j3) = w ■ C[z,w], and the 
image of the bilinear map 

w ■ C[z,w] X w ■ C[z,ui\ — > C[z, w, 1/z, 1/w] 
lies in Vq {Ua^) = C[z,w]. To find its dual lattice, note that 

OhS-Z)'{U„,) := \fe£[z,wMzMw\\f w €[z M ^ <C[z . w\ 

[ w 

We can similarly check on the other affine open subsets to conclude that Oh„ {^Z)' 
Oh^X + nW). Hence, £0^1 «y» is given by 

OhA-Z) "" OhA-Z) ^ Oh^ ■ ^ ■ ' 

Now we apply the map 

JC]J^^ : W{CM\ji{H^)) ^ W{CM\ji_i^{Hr,- N))Y[w{CM\ji_Li.Hn- L)) 

by restricting the domains to i7„ — N and iJ„ — L. Restricting (5.5) to iJ„ — L 
gives 

C_ff„-L Oh„-l Oh„-l 

while restricting it to _ff„ — N gives 



X 



OH„-Ni-Tz) OH„-Ni-Tz) Oh„- 



H„-N 



(5.7) 
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On {Hn — L) n Uai = SpccC[x,y, 1/y], (5.6) is zero because 



O 



H„-L 



(nTw) 



O 



H„ 



o 



(H^-L)r,U^^ 



(H„-L)r,U„-^ 



o 



{H^-L)n,Uai 



0, 



while on (iJ„ — L) r\ Ua^ = SpecC[2;, w, 1/w], it becomes 



^ • C[z, w,l/w] 



[z,w,l/w\ z^/w <C[z,w,l/z,l/w\ 
C[z, w, l/w\ 



(5.8) 



C[z,w,l/w] C[z,u',l/w] 

If n is even, then 

^■C[2,w,l/w] ^■C[0,w,l/w] 
z • C[2;, w, 1/w] z • C[2;, w, 1/w] 

is a totahy isotropic subspace of (5.8) of half the rank, i.e., a sublagrangian. 
Hence, the Witt class of (5.8) is zero, i.e., K.\oC^^i {(y}) = 0. This implies that 

dPfj ((?/)) has no component in the subspace spanned by (ly),(j/),(lu,),(w), 
and the corresponding rows in the third column are zero. 
On the other hand, if n is odd, then 



M:= 



z("-l)/2 



C[z, w, l/w] 
is a totally isotropic subspace of (5.8), and 



[z,w,l/w] -^ ■ C[z,w,l/w] 

c 

C[z, w, l/w] 



M^ 



z(" + l)/2 



[z,w,l/w] 



so M-^/M 



C[z,w,l/w] 
[w, l/w], and there is a commutative diagram 



-jy^^:jjj2-C[z,w,l/w] ^(„+i)/2 •t^[^."'.l/' 



to z /-u; 



/n 



,("-l)/2 



[js,u',l/u'] (n-l)/2 •C[^:,^J,l/uj] 



C[u;,l/u;] X C[u;,l/u;] 



l/u 



C[z,'u;,l/u;] 

A 
1/z 

■C[u;,l/w] 



(5.9) 



By Lemma A. 0.16(2) and Lemma 3.4.3, M i-^ M^ /M does not change the Witt 
class, so we conclude that 1C\ o £^i ((j/)) = (l/w) = (w). Hence, in the third 

column, the row corresponding to (w} is 1, while the rows corresponding to 

<!?/>> (y)/!"-) are 0. 

Now on (iJ„ — N) n Ua^ = SpecC[x, y, 1/x], (5.7) gives a commutative 
diagram 



|-C[x,y,l/a:] |-C[x,y,l/a:] y C[a:,y,l/a;,l/i/] 

C[a:,y,l/2:] C[a:,y,l/a:] C[a:,y,l/2:] 

A A 

1/y X 1/y ? 1/y 

C[a;, 1/x] X C[a;, l/x] ^—^ £[x, l/x\ 



(5.10) 
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while on (7?„ — N) n Ua^ = SpecC[z, w, 1/z], it gives a commutative diagram 

C[z,w,llz] C[z.w.llz] 2"/^ C[z,m),1/z,1/m)] (r,^^\ 

wC[z,w,l/z] ^ wC[z,w,l/z] ^ C[z,w,l/z] l^-iij 



1x1 



±i 


C[x,y,l/x, 


1/y] 


x/y 


C[x,y,l/x, 


i/y] 


•2^/- 


C[z,w,l/z 


l/w] 


"2^w 


C[Z, 10,1/2 


l/w] 



l/w 

C[z, 1/z] X C[z, 1/z] ^ C[z', 1/z] 

Hence, we conclude that /Cjy o £°^i ((y)) = 0-x} + {z"}. This implies that on 
the third column, the rows corresponding to (Ix) and (z") are 1, while the rows 
corresponding to (x) and (z""*"^) are 0. 

Finally, let us determine the entries in the fourth column. The form (Oh„-h^ , (^jj/)) 
is given on the affinc charts by 

Uai ■■ 'C[x, y, l/x, 1/y] x C[a:;, y, l/x, 1/y] 

Ua2 ■ C[a;, y, l/x, l/y] x C[a:;, y, l/x, l/y] 

C/crj : C[z, w, 1/z, l/w] X C[z,u', , 1/z, l/w] 

t/o-4 : C[z, w, 1/z, l/w] X C[z, iD, 1/z, 1/iD] 

Using the same argument as above, we conclude that Oh^{~Z~W) is an integral 
lattice. For example, Oh^{—Z — VF)(t/cr.,) = zw ■ C[z,w], and the image of the 
bilinear form 

zw ■ C[z, w] X zw ■ C[z, w] — > C[z, w, 1/z, l/w] 
lies in C[z, w]. To find its dual lattice, note that 

OnA-Z-WyiUa^) := I / e C[z, w, 1/z, l/w] | / • ^ zw • C[z, w] c C[z, w] I 

= OHAX + Y + nW){U„,). 

We can similarly check on the other affine open subsets to conclude that Oh„ (^2'— 
Wy = Oh„ {X + Y + nW). Hence, £0^1 {(xy)) is given by 

Now we apply the map 

by restricting the domains to _ff„ — N and i7„ — L. 
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Restricting (5.12) to if„ — N gives 



Oh„-n{Tx) Oh^-n{Tx) xy H^H^-H^ 



Oh.- 



H„-N 



while restricting to _ff„ — L gives 

Oh„-l{Ty + nTw) Oh„-l{Ty + nTw) xy hOh^-hi 



Oh^-l{-Tw) 



O 



H„-L 



i-Tw) 



O 



H„-L 



(5.13) 



(5.14) 



On (iJ„ — A^) n J7cti = SpecC[x,y, l/x], (5.13) gives a commutative diagram 



C[x^y,l/x] 
'[x,y,l/x] 

1/yxl/y 



[x,y,l/x] xy 



[x,y,l/x] 



[x,l/x] X C[a;,l/a;] 



[x,y,l/x,l/y] 
C[x,y.l/x] 

1/y 
-C[x]l/x] 



while on (_ff„ — N) n Ua^ = SpecC[z, w, 1/z], it gives a commutative diagram 

C[z,w,llz] C[z,m,l/z] z"~V'"' C[z,w,l/z,l/w] 

u'-C[z,u;,l/z] ^-C[z,'(i',l/z] C[z,^,l/z] 



A 
1x1 ^ 



[z, 1/z] X C[z,l/z] 



[z, l/z\ 



Hence, we conclude that JC]^ o £^i {(xy)) = (x) + <z" ^). This implies that in 
the fourth column, the rows corresponding to (x) and (z"~^) are 1, while the 
rows corresponding to (l^;) and (2;") are 0. 

On the other hand, on (_ff„ — L) r, Ua^ = Spec C[a;, y, 1/y], (5.14) gives a 
commutative diagram 



^■C[x,y,lly-] 
'C[x,y,lly] 

1/2; X Ijx 



x,y,l/y] ^y C[x,y,l/x,l/y] 
C[x,y,l/y] 



C[x,y,l/y] 



(5.15) 



C[y,l/y]xC[y,l/y] 



l/x 



■<C[y,l/y] 



while on (_ff„ — L) n Ua^ = SpecC[z, w, 1/w], it becomes 

-^ • C[z, w, 1/w] -^ • C[z, w, l/w] z-V^o C[z, w, 1/z, l/w] 



z ■ <C\_z,w^l/vo\ z-C[z,w,l/w] 
If n is odd, then 



C[2;, w, 1/w] 



(5.16) 



,(n-l)/2 



[z,w,l/w] ^ • C[2;, w,l/w] 



z • C[z, w, l/x] z • C[z, w, l/x] 
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is a totally isotropic subspace of (5.16) of half the rank, i.e., a sublagrangian. 
Hence, the Witt class of (5.16) is zero, and together with (5.15), we conclude 
that 

/Cio£0 «xy»=<y>. 

odd 

This implies that in the fourth column, the row corresponding to (y) is 1, while 
the rows corresponding to (ly), (Iw), (w) are 0. 
On the other hand, if n is even, then 

,_ -^^^ ■C[z,w,l/w] ^ -^ ■C[z,w,l/w] 
z ■ C[z, w, 1/w] z ■ C[z, w, 1/w] 

is a totally isotropic subspace of (5.16), and 

I —772 • C\z, W, 1/w] 

j^± ^ w^ LJ — ' ' \ 

z ■ C[z, w, 1/w] 

so M-^/M ^ C[w, 1/w], and there is a commutative diagram 

[z,w,l/w] -^-Clz.w.l/w] z"-^/w C[z,w,l/z,l/w] 



-^■C[z,w,l/w] ^f^_^ ■<C\z,w,\lw\ C[^,t«,l/Ml] 



(5.17) 



/2vl/."/2 



l/z"'^xl/ 



1/2 



C[u;, l/w] X C[u;, 1/w] ^^^^^ — *- <C\w, 1/w] 

As we noted earlier, M i-^ M-'^/M does not change the Witt class. Hence, 
together with (5.15), wc conclude that 

This implies that on the fourth column, the rows corresponding to (y) and (w) 
arc 1, while the rows corresponding to (Ij,) and (\w) are 0. This completes the 
proof. D 

Proposition 5.0.8. With the same choice of basis as in Proposition 5.0.7, the 
map d\j is represented by the matrix 

<1,> <x> <1,> <y> <1,> <z> <1^> <w> 

<0^y> /O 1 1 0\ 

^1 = {Ozw} 10 1 

^™™ {Q^y) 10 10 

{Ozw) Vo 1 l/ 

<1,> {x} <1,> <y> <1,> <z> <1„> <w> 
10 10 



d 




1 _ <OztD> I 1 1 

H 



°'^'^ (0.^„> I 1 1 

10 1 
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Proof. Recall that dj^ := C^p ]_[Cx ' where 

C\.^:WiCM'T,iHr,-N)) ^ T4^(CM^2 (i/„)), 
C't^ : W{CM^T^{H,, - L)) ^ W{CM]j2{H,,)). 

W{CM^rr.i.Hn-N)) is generated by <l,>,<x>,<l,>,<z>, and VK(CM^„(i/„-L)) 
is generated by {ly),{y),{lw),{w') (CoroUary 3.5.3). There is a commutative 
diagram 

W{CM}r^{Hn - N)) -^^ W{CM]i^{Hn)) 



where the vertical maps are induced by inclusion. Hence, we can compute Lip 
in terms of the afhne lattice maps L]y^y, L]j.^ y, L],^.^^, L]j^^^, and £^^ in terms 
of C\_^,^,C],^,j.,C\^..,C]y^.,. The integral lattice and dual lattice for C\_^y are 
computed using the value group 

-I^i ^ 'C[x,y,l/y\ ^ CYx.y.l/y] +<C[x,y,l/x\ C[a:,y, l/x, 1/y] 

^^'i^y C[a;,y] " 'C[x,y,l/x'\ ^ C[x,y,l/x] ' 

(5.18) 
We saw in the computation of £^1 «y)) that on {Hn—N)r\Uai = SpecC[x, y, 1/x], 
<la;> is given by (5.10) 

l-C[x,y,l/x] l-C[x,y,l/x] y C[x,y,l/x,l/y] 
C[x,y,l/x] "" C[x,y,l/x] ^ C[x,y,l/x] ' ^ ' ' 

T + Jl# ^■C[x,y]+C[x,y,l/x] ^■C[x,y,l/x] . 

Let M := J^ c[x,y,i/x] ^ c[x.y,i/x] ■ ^mce the image of the bihncar form 

^■C[x,y] + C[x,y,l/x] ^ ■ C[x,y] + C[x,y,l/x] y^ C[x,y,l/x,l/y] 



C[x,y,l/x] C[x,y,l/x] C[x,y,l/x] 

lies in Vq^ y (5.18), M is an integral lattice for (5.19). Moreover, 

r ^■C[x,y,l/x] 1 ^■C[x,y] + C[x,y,l/x]) 

[ '^[x,y,l/x\ y L[x,y,l/x\ j 

so M is self-dual. Hence, £l,^y{(lx)) = 0. This imphes that C}p^{(lx)) has no 
(Pxy} component, so the corresponding row in the first column is 0. 

On {Hn — N) n Ua^ = Spcc[2;, w, 1/z], (l^} is represented by (sec 5.19) 

I ■C[z,w,l/z] ^ I ■C[z,w,l/z] ,y C[z,w,l/z, 1/w] 
C[z,w,l/z] C[z,w,l/z] C[z,u),l/z] 
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Using the the value group 

^1 ^ C[z,w,l/il!] 

'^"<'4'« C[z,w] " C[z,w,l/z] ^ C[z,w,l/z] 



I C[z,w,l/w] C[z,w,l/w] + C[z,w,l/z] ^ C[z,u', 1/z, 1/w] 



one finds that M := ^ — J.T _ , , 'r* is an integral lattice, and M' = ^^^^ — l^r'™- i ; i'"*' 



^ (5.21) 
, and M' = ^^ 
is its dual lattice. Since the rank honiomorphisni induces 

WiCMUu,,)) = WiC)=Z/2, 

dinic(M'/M) = n implies that £^^ wiO-x}) is zero if and only if n is even. This 
implies that C}p ((l^;)) has no (Oz-ib} component if and only if n is even, so the 
corresponding row in the first column is zero if and only if n is even. 

Since (l^;) is supported on Tx (Corollary 3.5.3), the rest of the entries in 
the first column are zero. 

The entries in the second column are obtained in the same way. On (_ff„ — 
N) n J7cti = SpecC[x,y, l/x], (x) is represented by (see 5.19) 

rC[x,y,l/x] l-C[x,y,l/x] ,^ C[x,y,l/x,l/y] 
C[x,y,l/x] C[x,y,l/x] ^ C[x,y,l/x] ' ^ ' ' 

One finds that M = ^ — yj^ is an integral lattice, but and that its dual 

lattice is M' = ^'^ c'lS.V?'^'^''^ ' ^^^ dime M'/M = 1, so that Cl^^yi(x)) is 
non-zero. This implies that C}p {{x}) has a non-zero (Oxy} component, so the 
corresponding row in the second column is 1. 

On {Hn — N) r\ Ua^ = Spec[z,w, 1/z], (x) is represented by (see 5.22) 

^■C[z,w,l/z] ^-Cjz^wA/z] z^-i^ C[z,w,l/z,l/w] 
C[z,w,l/z] C[z,id,l/z] ^ C[z,w,l/z] ■ ^ ' ' 

Using the value group V^ ^ (5.21), one finds that M — t-C[^.™]+C[z,'Ba/2] 



is an integral lattice, and M' = ^^^^ — c\7w lAI'"'' ^'' ^^^ dual lattice. Then 
dime M'/M = n + 1, so £^^ wiix}) is zero if and only if n is odd. This im- 
plies that £}p^{(x}) has no (Oztv) component if and only if n is odd, so the 
corresponding row in the second column is if and only if n is odd. 

Since (x) is supported on Tx , the rest of the entries in the second column 
are zero. 

We move on to the third column. 

We saw in the computation of £^i {{x}) that on (iJ„— L)n[/<jj^ = SpecC[a;, y, 1/y], 
(ly) is given by (5.4) 

l-C[x,y,l/y] ^ l-C[x,y,l/y] ^ C[x,y,l/x,l/y] ^^ ^4) 

'C[x,y,l/y] C[x,y,l/y] C[x,y,l/y] 
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Using the value group 

, ^ C[x, y, 1/x] C[x,y,l/x] +C[x,y,l/y] C[x,y,l/x,l/y] 

^-^1'^ C[x,y] " C[x,y,l/y] ^ C[x,y,l/y] ' 

(5.25) 

one finds that - — -^^ — j-J'f' is a self-dual integral lattice, so £;^^ xii^y}) = 0- 
This implies that Cip ((ly)) has no (Oxy} component, so the corresponding row 
in the third column is 0. 

On {Hn - L) n U„^ = SpccC[x, y, l/y], {ly} is given by (see (5.24)) 

l-C[x,yMy\ l-£[x,yMy\ , €[x,yMxMy\ 
C[x,yMy] C[x,yMy] ^ C[x,y,l/y] ' ^ ' ^ 

Using the value group 

1 ^ C[x,j/, 1/x] C[x,y,l/x'\ +'C[x,y,l/y\ C[x, y, 1/x, 1/j/] 

°-'2^- C[x,y] " C[x,y,l/y] ^ C[x,y,l/y] ' 

(5.27) 

one finds that - — cb ~ i/'f ' ^® ^ self-dual integral lattice, so L\^ a;((ly)) = 0- 
This implies that >C^ ((Ij/)) has no (Oa;^) component, so the corresponding row 
in the third column is 0. 

Since (ly) is supported on TV, the rest of the entries in the third column 
are zero. 

We move on to the fourth column. 

On [Hn — L) n 1/^, (y) is represented by (sec (5.24)) 

I ■ C[x, y, l/y] ^ l-C[x,yMy-\ ^ C[x, j/, 1/x, 1/y] ^^ ^g) 



X 



yA/y\ C[x,|/, l/y] C[x,2;,l/2;] 



Using the value group V^^ .^ (5.25), one finds that M := "'^^cfit/^Vyf^'^^^ ^^ 

an integral lattice, and that M' := ^^ — ^4 , / i ' is its dual lattice. Since 

dime M'/Af = 1, we conclude that Cl^,x{{y)) ^ 0. This implies that C\,^{{y)) 
has a nonzero (Oa;j,) component, so the corresponding row in the fourth column 
is 1. 

On (iJ„ — L) r\ [/(J2, (y) is represented by (see 5.26) 

l-C[x,yMy\ ^ ^•C[x,y,l/y] x/y C[x,y,l/x,l/y\ 
C[x,y,l/2/] C[x,y,l/y] ^ C[x,y,l/y] ^ ' ^ 

Using the value group V}^^^ ^ (5.27), one finds that M := "'^^cfi^^Vyf'^'^^^ ^'^ 
an integral lattice, and that AI' := - — jjf _ . ,-!f ' is its dual lattice. Then 

dime M'/M = 1, so /I^^ xiiv}) ^ 0- This implies that £^ ((y)) has a nonzero 
(Oa;j/) component, so the corresponding row in the fourth column is 1. 

Since (j/) is supported on Ty, the rest of the entries in the fourth column 
are zero. 
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We move on to the fifth column. 

We saw in the computation of £^i ((j/)) that on (iJ„— Af)nC/o-., = C[z, w, 1/z], 
(Iz) is represented by (5.11) 

C[z,w,l/z] C[z,w,l/z] i/w C[z,w,l/z,l/w] 

^ ... ^r- ... 1 /..I -^ mr.. ... i /-I ' (5-30) 



w ■ C[z,w,l/z] w • C[z,w,l/z] C[z,w,l/z 

Using the value group 

I C[z,w,l/w] C[z,w,l/w] + C[z,w,l/z] C[z,w,l/z,l/w] 

°"<'3'"' " C[z,w] ~ C[z,w,l/z] ^ C[z,w,l/z] ' 

(5.31) 
one finds that L^'"'J+™- L^.™' /^J jg g^ self-dual integral lattice, so £l ,,,((12)) = 0. 

This implies that C]^ iO-z}) has no (Oziu) component, so the corresponding row 
in the fifth column is 0. 

On {Hn — N) n 1/^2 = 'C[x,y, 1/x], (1^) is represented by (see 5.30) 

C[x,y, l/x] ^ C[x,y,l/x] x^y C[x,y,l/x,l/y] 



yC[x,y,l/x] yC[x,y,l/x] C[x,y,l/x] 

'b 

y-C[x,yS/x 



and using the value group Vq ^ (5.27), one finds that M :— l-^'i'-l+^' i-'^'V' /^-l 



is an integral lattice, and that M' := -^ — 3?! ^ . , -j^' is its dual lattice. 
Hence, dime M'/M = n, so £^^^.^.{(1^}) = if and only if n is even. This 
implies that £y^ ((Iz)) has no (Oxy} component if and only if n is even, so the 
corresponding row in the fifth column is if and only if n is even. 

Since (Iz) is supported on Tz, the rest of the entries in the fifth column are 
zero. 

We move on to the sixth column. 

On {Hn — N) r\ U^^ = C[z,w, 1/z], <z) is represented by (see 5.30) 

C[z,w,l/z] ^ C[z,w,l/z] zjw C[z,w,l/z,l/w] 
w-C[z,w,l/z] w-C[z, w,l/z] C[z,w,l/z] 

Using the value group V^ ^ (5.31), one finds that M := '\^.c\t w i/zi ^^ 
an integral lattice, and that M' := - — ir "* , ,'?' is its dual lattice. Hence, 
dime M'/M = 1, so £^ u,((^)) ^ 0. This implies that £y ((2)) has a non-zero 
(Ozto) component, so the corresponding row in the sixth column is 1. 
On {Hn — N) n 11^2 = C[a;,y, l/x], (z) is represented by (see 5.32) 

C[x,y, l/x] ^ C[x,j;, l/x] x^^^^ly C[x,y, l/x, 1/j/] 



yC[x,y, l/x] y •C[x,2/, l/x] C[x,2/, l/x] 

Using the value group 

C[x, y, 1/y] C[x, y, 1/y] + C[x, y, l/x] C[x, y, l/x, 1/y] 



V.l 



'^--2-^ C[x,y] C[x,y,l/x] C[x,y,l/x] ' 

(5.35) 
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one finds that M = l-^-gJ+t'' }-^fi '^' is an integral lattice, and that M' = 

^^'%t2i?-]''''^''^ ^' ^*' ^^^1 1^"^^^- Then dime M'/M = n-1, so Cl^^y{(z}) ^ 

if and only if n is even. This implies that C]^ {{z}) has a non-zero (Oxy} com- 
ponent if and only if n is even, so the corresponding row in the sixth column is 

1 if and only if n is even. 

Since (z) is supported on Tz, the rest of the entries in the sixth column are 
zero. 

For the seventh and eight columns, we consider different parities of n sepa- 
rately at the outset: 

(1) When n is even : We saw in the computation of £^i {{xy}) that on 
{Hn — L) r\ t/o-3 = SpecC[z, w, 1/w], (1«>) is given by (see (5.16) and (5.17)) 

^■C[z,wMw'\ ^ ^■£.[z,wMw'\ ,"-V«,^ C[z,w,l/zMw\ 
z-C[z, w,l/w] z-C[z, w,l/w] C[2;,w,l/w] 

Using the value group 

Ciz.w.l/z] €[z,y,l/z] + 'C[z,y,l/w\ C[z,w,l/z,l/w\ 



V}. 



o. 



"S' 



C[z,w] C[2;, w, 1/w] C[z,w,l/w] 



(5.37) 

^>2 ■C[g,uj] + 2-C[2:,U',l/w] , 

one finds that -^^ j^t :rj—^ is a self-dual integral lattice, so C^ A(w}) = 

0. This implies that L\ {(w}) does not have (Ozw} component, so the corre- 
sponding row in the seventh column is 0. 

On {Hn — L) r\ U„^ = SpecC[z,w, l/w], (l^} is given by (see 5.36) 

j^ ■C[z,w, l/w] ^ j^ ■C[z,w, 1/w] ,^-K^2 C[z,w,l/z,l/w] 
z • C[z, w, 1/ui] z • C[z,?Zi, l/?Zi] C[z,w, 1/?D] 

Using the value group 

I C[z,w,l/z] C[z, w, 1/z] + C[z, w, l/w] C[z, w), 1/z, 1/w] 

°^-4'^ " C[z,tD] " C[z,w,l/w] ^ C[z,w,l/w] ' 

(5.39) 

one finds that ™ ^ ^^r ^ j^ ,^-| is a self-dual integral lattice, so C^^ ^{(1^)) 

0. This implies that C}p {{^w}) has no (Ozw} component, so the corresponding 
row in the seventh column is 0. 

Since (Iw} is supported on Tw, the rest of the entries in the seventh column 
are zero. 

We move on to the eighth column. 

On {Hn — L) n Uu^ = C[z,u', 1/w], (w) is represented by (see 5.36) 

^•C[z,w,l/w] ^ ■ C[z, w, 1/w] z-'/^ C[z, w, 1/z, 1/w] ,_^, 



z-C[z,w,l/w] z-C[z,w,l/w] C[z,w,l/w] 
Using the value group V^!, (5.37), one finds that M := ^^^^^ — ^-cu m i/u^l — 

-i,2 ■C[z,tu] + z-C[z,-u),l/to] 

is an integral lattice, and that M := ^^^^ ^^ TT—^ is its dual lattice. 
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Then dime M'/M = 1, so Cl^.^{(w}) ^ 0. This imphes that C^^i(w}) has a 

non-zero (Ozw} component, so the corresponding row in the eighth column is 1. 

On {Hn — L) r\ Ua^ = Spec €[2, w, l/w], (w) is represented by (see 5.38) 

-^ ■C[z,w,l/w] -^ ■C[z,w,l/w] ;,r^-i^ C[z,w,l/z,l/w] 
z ■ C[z,w,l/w] z ■ C[z,w,l/w] C[z,w,l/w] 

Using the vahic group V^^^ ^ (5.39), one finds that M := -^^ z-cFz w i/w] 

is an integral lattice, and that M := ™ ^ ^^r^ ^ ^,^-, is its dual lattice. 

Hence, dime M'/M = 1, so £l,^.^{(w}) 7^ 0. This implies that £^ {{w}) has a 
non-zero (Ozw} component, so the corresponding row in the eigth column is 1. 

Since (w} is supported on Tw, the rest of the entries in the eighth column 
are zero. 

(2) When n is odd : We saw in the computation of £^1 {(y}) that on (i/„ — 
L) n C/^3 = C[z, w, 1/w], (!«,) is represented by (see (5.8) and (5.9)) 

^■C[z,w,l/w] ^ ^■C[z,w,l/w] z-j^^ C[z,w,l/z,l/w] 
C[z,w,l/w] C[z,w,l/w] C[z,w,l/w] 

1 / \ ^ — +11/2 •C[z,u']+C[z,to,l/w] 

Using the value group V^i, ^ (5.37), one finds that ^ ^^r ^ j^ , -. is 

a self-dual integral lattice, so £^g ^((^i')) = 0. This implies that £y ((w)) has 
no (Ozw") component, so the corresponding row in the seventh column is 0. 
On {Hn — L) r\ U^^ = SpecC[z, w, l/w], {^w) is given by (see (5.42)) 

^■C[z,w,l/w\ ^ ^-Cjz.wMw] z-_^- C[z,u;,l/z,l/u;] ^^ ^^^ 

C[z,iZ), l/w] C[z,it;, l/i«] C[z,w,1/iD] 

[2:,lt)]+C[z,tD,l/tD] 



Using the value group Vq^ ^ (5.39), one finds that ^'"+^>'''^^^ ^ ^ 

is a self-dual integral lattice, so L\^ z((l«))) = 0. This implies that £^^«1^)) 
has no (Ozts) component, so the corresponding row in the seventh column is 0. 
On (Hn — L) r\ Ucr^ = SpecC[z, w, 1/w], (w) is given by (see (5.42)) 

jz ■ C[z, w, 1/w] -^ ■ C[z, w, l/w\ z-^/w C[z, w, l/z, l/w\ 



{z,w,l/vj\ C[z,w,l/w] C[z,w, l/ui] 



C[Z,MI,1/' 



Using the value group V^ ^ (5.37), one finds that M := ^^ 

—7 — -4^iW2 •C[z,tj;]+C[z,w,l/m] 

is an integral lattice, and that M := ' „r ,^^1 is its dual lattice. 

Hence, dime M'/M = 1, so C],^.,{{'w)) 7^ 0. This implies that C\. {{w}) has a 
non-zero (Qzw) component, so the corresponding row in the eighth column is 1. 

On {Hn — L) r\ Ua^ = SpecC[z, w, l/w], (w) is given by (see (5.43)) 

^ • C[z, w, 1/w] ^ -^ ■C[z,w,l/w] zy C[z,iu,l/z,l/id] 



[z,w,l/w] C[z,w,l/w] C[z,w,l/w] 
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1 / \ ~( — +1V2 •'C[js,lD]+C[2:,tD,l/tD] 

Using the value group V^^ ^ (5.39), one finds that M := -^^ — cFz w i/w] 

—7 — I iW2 - •C[2:,tf;]+C[2:,')I'.l/w] 

is an integral lattice, and that M := ^ ™„r — _■.,_-, ^ is its dual lattice. 

Then dime M'/M = 1, so /:;^^^2«i(;» 7^ 0. This implies that £^^«u;» has a 

non-zero (Ozw} component, so the corresponding row in the eighth column is 1. 

Since (w) is supported on Tw , the rest of the entries in the eighth column 

are zero. D 

Remark 5.0.9. The matrix representation for (P^i can also be deduced from 
Schmid's result [16] that the canonical map 



VK(pi;Opi(n))^ W W{x) 



a;ePi(i) 



is given by the second residue homomorphism (Theorem 1.2.1) at x ^ oo, and 
by the first (resp. second) residue homomorphism at x = CO if n is odd (resp. 
even). 
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Chapter 6 

Cohomologies 



Now that we have seen the quasi-isomorphism between the toric complex (4.3) 
and the Gersten-Witt complex (4.2) of _ff„, we compute cohomologies using the 
former. We will see that they are cohomologies of the Witt sheaf U i-^ W{U) 
on Hn- 



We first verify that dj^^ o 


< = 


= 0. Next, to 


compute the cohomologies 


, we 




put the matrices into Smith normal forms^ : 


















<i> 


<a;> 


<y> 


<xy} 






<1> 


<x> 


(y) 


(xy) 




<1.> 


/I 








\ 






(W 


/I 








\ 




<x> 





1 












(x) 





1 










<1.> 








1 









<ly> 








1 





J^even 


(y) 


















, d 


^ 


<y> 




















(z) 


















<^> 
















(W 


















(W 
















(w) 


\0 








/ 




(w) 


\0 








/ 








<1.> 


(x) 


<i.> <y> 


<1.> 


<^> < 


1»> 


<^> 








< 


%y} 


/ 1 

















\ 






dl 


=. < 


0.a> 





1 





















J^cvcn 


< 


%y} 








1 














; 






< 


o.^> 


\ 

















/ 












<1.> 


<x> 


(W (y) 


(W 


<^> < 


u> 


(w) 








< 


Oxy) 


/ 1 

















\ 






dl 


^ < 


0.a> 





1 





















"«odd 


< 


0.y> 








1 




















< 


o.„> 


V 








1 











/ 







-"^Thcy arc computed using a Mathcrnatica package IntegerSmithNormalForm from http: 
//library . wolfram . com/inf ocenter/MathSource/682. 
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Therefore we have 



dime kcr djj 


= 1, 


dime id d-H = 3 


dimckerd^^^^^ 


= 5, 


dinirkerdrr = 

-"odd 


dimcimd^^^^„ 


= 3, 


dimr im dl, = 

-"odd 


which we conclude that 







i/°(>V(i/evc„)) = Z/2, ifl(>V(i/evc„)) = W^f , H^{W{H,^,n)) = Z/2, 

if°(W(Hodd)) = Z/2, ifi(W(Hodd)) = Z/2, i7-2(>V(Hodd)) = 0. 

Note that 

kerd5f„ = H^{W{Hn)) = Z/2 Vn e Z. (6.1) 

Fcrnandez-Carmena [4, 3.4] showed that the Witt group of a complex surface is 
a birational invariant, so that 

W{H,,) = W(Vl) = Z/2 Vn e Z. 

On the other hand, since the rank is a local invariant, the localization map 

WiH„) ^ WiHr,,,) = T{Hn,W%H„)), 

where rj e iJ„ is the generic point, is an injection. By (6.1), we have 

WiH„) = H\W{H^)). 

By the Purity Theorem [11], W* is a resolution of the sheaf U i-^ W{IJ) on iJ„. 



Appendix A 

Technical lemmas 

We first note a useful Icnima, which is easy to prove: 
Lemma A. 0.10. Let M,N,V be A-modules, and 

(t>:M X N ^V 

an A-bilinear pairing. If 

a.d(t>: M ^ UouiAiN, V), ad^ : iV ^ HomA(M, V) 

are the adjoints, then 

ad(^ = Hom(ad^ (/), y) o pjv^, ad^ = Hom(ad(?!), y) o pjv, (A-l) 

where 

Hom(ad (j), V) : Hom^ (M, V) ^ Hom^ (Hom^ (N, V),V), 
Hom(ad^ </), V) : RomAiN, V) ^ HomA(HoniA(M, V),V), 



PM-M -^ HomA(HomA(M,y),y), 
PN-N -^ HomA(HomA(iV,y),F) 

are the canonical maps. 

Note that if pM and pN are isomorphisms, then ad </> is bijective if and only 
if ad' (p is bijective. 

Now let A := C[x,yl V^ := ^^^§^ . and denote (-)* := Hom^(-,T/i). 
Pardon proved the following : 

1. If M e CM\[^A), then M* e CM\[^A) [14, 1.13]. 
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2. M e CM.y{A), then the canonical map 

PM-.M^M** 
is bijective [14, 1.17]. 

3. If 

^ M' ^ M ^ M" ^ 

is an exact sequence in CAl (A), then the induced sequence 

^ (M')* ^ M* ^ (M")* ^ 
is exact [13, 1.6c]. 

4. If M e CMl{A) and A^ c M is a submodule, then N e CMI{A) [14, 1.19]. 
Lemma A.0.11. Let M, N e CMI{A), and 

(jy-.MxN^V^ 
a bilinear pairing. Then the following are equivalent: 

1. (j) is nonsingular. 

2. ad (j) is bijective. 

3. ad' (/) is bijective. 

4. ad(/) and ad' cj) are injective. 

Proof. (1)^(2)^(3) follows from bijectivity of pM ■ M -^ M** . (1)^(4) is 
obvious. 

(1)<^(4) : Suppose that ad (p and ad' are injective. Applying Hom^(— , V^^-^) 
to the short exact sequence 

-^ M ''-i* A* ^ N*/M -^ 

gives an injection 

CMl{A) 3N = N** ^ {N*/M)*. 

Hence, {N*/M)* e CMI{A). Then N*/M = {N*/M)** e CMI{A), so there 
is an exact sequence 

^ M* ^"i^^* N** ^ (NyMf ^ 0, 

so (ad^)* is surjective. Since ad' (j) = (ad0)* o p^ and pj^ is bijective, ad' <j) is 
surjective. A similar argument shows that ad(f> is surjecive. D 
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Lemma A. 0.12. Let M e CMI{A), N ^ M a suhmodule such that M/N e 
CMliA), and 

4):M X M ^Vy 

a nonsingular symmetric A-bilinear form,. Then M/N-^ e CA4y{A), and N = 
N-^-^ . Moreover, the induced pairings 

a:Nx M/N^ -^ V^ , /3 : N^ x M/N -^ V^ 

are nonsingular. 

Proof. Let 

ad ^ : iV-L ^ RomAiM/N, V^), ad^ /3 : M/N -^ RomAiN^, V^) 

be the adjoints of /3. There is a commutative diagram 

M "t!' > HomA(Af, Vy^) 

A 

N^ - -^RoiaAiM/N,VJ) 

Bijectivity of ad (j) imphcs that ad l3 is bijective, so 

Hom(ad/3,t/^) : {N^f ^ {M/N) 



** 



is bijective. By (A.l), ad' (3 is then bijective. In particular, injcctivity of ad' /3 
imphes that N-^-^ c N. Since N cz N-^-^, we have N = N-^-^. 
Now 

ad^ a : M/N^ -^ HomA(A, V^) 

is clearly injective, so M/N-^ e CAiy{A). Hence, we can apply the same argu- 
ment as above with N replaced by N-^ to conclude that ad a is bijective. D 

The modules in CAiy{A) do not necessarily have finite length. However, 
if M e CAiy{A) is C[x]-torsion-free, then one can define a notion similar to 
length; y'^'^M/y'^M is a free module of finite rank over C[a:;], so there is a finite 
chain of submodules 

M = M" 3 ikfi 3 Af 2 3 • • • 3 M" = 0, 

where M^M^'^ =^ C[x]. We then define iy{M) := n. Note the following: 

• £y is an additive function on C[a;]-torsion-frce modules in CAiy{A). 

• M^M'-'^ e CMliA), and it is C[a;]-torsion-free. 

• li M e CMUA) is C[a;]-torsion-frec, then so is M*. 
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Lemma A. 0.13. Let M e CMI{A) be C[x] -torsion-free. If N cz M is a 
submodule, then M/N e CMI{A). 

Proof. It is clear that M/N is C[a;]-torsion-frce. Hence, depth^(M/7V) ^ 1, so 
M/N ^ CM\j{A) implies that M/N has dimension 2, i.e., it is of finite length. 
Then it is killed by a product of maximal ideals of the form (a;— a, y—b) a C[x, y], 
contradicting the C[a:;]-torsion-freeness. D 

Lemma A.0.14. If M e CMUA) is C[x]-torsion-free, then £y{M) = ly{M*). 



Proof. Let iy{M) = n, so that there is a chain of submodules 

M = M° ^ M^ => M^ 3 • • • 3 M" = 

such that M^/M^~^ ~ C[x]. We prove by induction on n. There is a short 
exact sequence of modules in CAiy{A) : 

^ M/M^ ^ M ^ M^ ^0. 

Taking Hom^(— ,yj^) gives an exact sequence [13, 1.6c] 

-^ {M/M^Y -^ M* ^ (M^)* -^ 0. 

Note that as a C[a;, j/]-module, M/M^ = C[x] is killed by y. Hence, the image 
of any homomorphism M/M^ -^ Vy lies in (0 : y)v^ = Vr^ \ — C[x]. Hence, 
(M/M^)* - C[x], so iy{{M/M^)*) = 1. Then by the additivity of £y and the 
induction hypothesis. 



ey{M*) = 1 + lyiiM^) = 1 + (n - 1) = n = lyiM). 

Lemma A. 0.15. Let Me CM.y{A) be C[x] -torsion-free, and 

(J): M X M ^V^ 
a nonsingular symmetric bilinear form. If N cz M is a subspace, then 

iy{N)+ty{N'-)=iy{M). 

Proof. By Lemma A. 0.12, the induced pairing 

N X M/N^ -^ V^ 
is nonsingular, so TV 2^ (M/iV^)*. Hence, by Lemma A.0.14, 

£y{N) = iy{{M/N^Y) = ty{M/N^) = ly{M) - iy{N^). 



U 



u 
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Lemma A. 0.16. LeA M e CXj(A) he iC[x\-torsion-free, 

(j): M X M ^Vy 

a nonsingular symmetric bilinear form, and N cz M is a totally isotropic sub- 
space. 

1. 2 • iy{N) ^ ty{M), and equality holds if and only if N is orthogonal, i.e.. 



/V-L 7V-L 


-K' 


X 


N N 


V 



2. The induced bilinear form 



is nonsingular. Moreover, if M has an orthogonal submodule, so does 

N^/N. 

Proof (1) : Since N c N-^, iy{N) ^ (.y{N^). Hence, by Lemma A.0.15, 

2 • ly{N) < ly{N) + iy{N^) = ly{M). 

So 2 • iy{N) = iy{M) if and only if iy{N) = ly{N^), i.e., if TV = iV-^. 

(2) : Since N^/N e CM]^{A) by Lemma A. 0.13, to prove nonsingularity of 
(j), it suffices to prove injectivity of ad ^. But this is clear from iV "'""'" = A^. 

Now suppose that iiT c M is an orthogonal submodule. Let A be the set 
of totally isotropic submodules containing N , and 5* G A a maximal element. 
We will show that S" c M is an orthogonal submodule. This implies that 
S/N d N-^/N is an orthogonal submodule, completing the proof. 

First assume that S ri K = 0. Since S is totally isotropic, 2 • £y{S) ^ iy{M) 
by the first part of the proof. We will show that this is in fact an equality. 
Suppose, by way of contradiction, that 2-£y{S) < £y{M). Since K is orthogonal, 
iy{MWittclass) = 2-ly{K) by the first part of the proof. Hence, ly{S) < £y{K), 
and by Lemma A.0.15, 

^y{S^) = ^y{M) - £y{S) > £y{M) - £y{K). 

Hence, £y{M) < £y{S^) + £y{K), and this implies that S^ r^ K ^ 0, so there 
exists a non-zero element m e S^ n K . Since S r\ K = Qhy assumption, m ^ S. 
Since m e K and K = K-^, tp{m,m) = 0. Hence, S + (m) c: M is a totally 
isotropic submodule strictly containing S, contradicting the maximality of S. 
Hence, 2 • £y{S) = £y{M), so S* c M is an orthogonal submodule by the first 
part of the proof. 

Now for the general case, let J := S n K . Then J c; M is a totally isotropic 
submodule, so there is an induced bilinear form 



^p-.J-^/Jx J^/J^V^. 
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We have shown that this is nonsingular. Note that 



JcS-c^-^c J-L, 



J ^ K = K^ ^ J^. 



S/J cz J-^/J is maximal among totally isotropic submodulcs of J-^/J. Moreover, 

(S/J) n {K/J) = c J^/J, 

so by the previous case, S/J c J^ /J is an orthogonal submodulc. Hence, by 
Lemma A.0.12, the induced pairings 



a : J X M/J^ -^ Vy, 



13: S/J X 



J^/J 
S/J 



V^ 
^y 



are nonsingular. We will show that the pairing 

7 : 5 X M/S -^ V^ 

is nonsingular, which implies that S = S*^. 
There is an exact sequence 







J^/J M M 



S/J S J-L 
Taking HomA(— , Vj^) gives a commutative diagram 

-* S/J -^ S -* 



J^ 



0-^ 



{{j^/j)/{s/j)Y 



ad 7 

■ {M/S)* 



ad a 



{M/J 



±\* 



where the rows are exact. Hence, ad 7 is bijectivc, which implies that 

ad^ 7 : M/S -^ Hom^(5, V^) 
is bijective. In particular, injectivity of ad' 7 implies that S = S . 



U 



Remark A. 0.17. From, the proof of Proposition 3.5.2, we know that there is 
an isomorphism 

\/y : W{^\x\) ^ WiCMl^yA)). (A.2) 

Hence, every element ofW(CM^AA)) can he represented by a C[x]-torsion-free 
module. Lemma A. 0.16(2) and Lemma 3.4-3 then suggests a way to obtain an 
inverse map of (A.2); let [iV, -0] e W{CAiy{A)), where N is C[x] -torsion- free, 
and y^N = Q for some k ^ 1. If k = 1, then N is a C[x]-module, and the image 
of '0 lies in the image of the embedding 






r -I 1/y 'C[x,y,l/y] _ . 
^^ C[x,y] -^^ 



x,y],v' 
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Hence, [N,y- ip] e W{C[x]). If k ^ 2, then 2k-2^ k, so y^-'^N <^ N is a 
totally isotropic suhmodule, and ttiere is an induced form 

/ fc — 1 A r\ _L — 

By Lemma A. 0.16(2) and Lemma 3.4-3, [N,^] = [ fc-ijv '"'/']■ Note that now 

we have y^^^ ■ fc-ijv ~ ^- H^^ce, by repeating this procedure, we will end up 
with the k = 1 case above. 
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